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 !"#$ %&'%'%' K" #$%&$' () *) +)%,)-.+ /)(.')% 01/,121 #3/4$%/12 5$ X +67

,$/1 K 01/,1 68$%12*$ 91% 5$+43% :8)(. ;'/:2< =-)>.*)+1 38$''1+'$%$ /)?1@ 91%

p : X → R

A;2+/1(;2:2)" X 5$+43% :8)(. 68$%12*$ 91% ()%.72;%, *$21'1%B

C$% x, y ∈ X 5$ ?$% α ∈ K 1&12

DEFG p(x+ y) ≤ p(x) + p(y) H)'474;@'),/)''.+I

DE G p(αx) = |α| p(x) H@;8141A7?;,;J$2'1+I

K>$% 9: 1+1/12$ $+ ;')%)+

DELG x 6= 0⇒ p(x) 6= 0

38$''1>1 *$ /)>')2.(;%/)" p A;2+/1(;2:2) X 5$+43% :8)(. 68$%12*$ 91%  !"#$%" "

*$21'1%<

(")*$) %&'%'%' &'(" p )! *+,-! % X .(*/0" %12-3 41(", $( 5," -2"36 !"#

,+( 272'3$2*, 01(88,*8(" +2'82 3"9

H)I p(0) = 0

H9I | p(x)− p(y) | ≤ p(x− y)

H0I p(x) ≥ 0

H*I {x : p(x) = 0} +6,$/1 X :8)(.2.2 91% )'4 5$+43% :8)(.*.%

H$I B = {x : p(x) < 1} +6,$/1 *.-96+$(*1%<

 !"#$%

H)IB [N2] *$ α = 0 )',)+ ($4$%<

H9IB [N1] *$2 p(x) = p(x− y + y) ≤ p(x− y) + p(y) ()8)91'1%18< M: 1/$"

p(x)− p(y) ≤ p(x− y)
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"#$#%&'() *+,- '.'/ x '0# y ,', +#(0#(',' "#1'.&'(#(#% +232(42%

p(y)− p(x) ≤ p(y − x)

5-%2() [N2] 6+2(-,72 p(x − y) = p(y − x) 80"616,"2,/ +6%2(-"2%' '%'

#.'&4'90'%&#,

|p(x)− p(y)| ≤ p(x− y)

+29-02:'0'()

;7<= y = 0 20-,-(42 (b) "#, 5-%2()

;"<= p(x) = p(y) = 0 ># α, β ∈ K '4#/ (c) "#,

0 ≤ p(αx+ βy) ≤ |α|p(x) + |β|p(y) = 0

806(/ %' :6 {x : p(x) = 0} %?$#4',', :'( 20&@>#%&A( 692+- 80$24- "#$#%@

&'()

;#<= x, y ∈ B ># 0 < α < 1 '4#

p(αx+ (1− α)y) ≤ αp(x) + (1− α)p(y) < 1

5-%2() B802+-4-+02/ B %?$#4' "-.:?%#+ 806()

 !"#$ %&'%'(' C9#(',"# :'( ,8($ &2,-$02,$-. D#( D2,E' :'( >#%&A( 692+-,2

 !"#$% #&' :'( 692+/ "#,'0'()

F'( >#%&A( 692+- ?9#(',"#%' :'( ,8($6/ 5816 %#9/ ‖ ‖ 4'$E#4'+0# EA4&#(#7#@

1'9) F6,2 EA(# ,8($ G8,%4'+8,6

x→ ‖x‖

80272%&-() F6 ,8($ '0# ,8($02,$-. :'( X >#%&A( 692+-,- (X, ‖‖) 4'$E#4'+0#

:#0'(&#7#1'9)

*.21-"2%' A(,#%0#(/ n@:8+606 ;n ≥ 1< E#(5#0 Rn
+2 "2 %2($2.-% Cn

H%0'&

692+-,"2 &2,-$02,2, :29- ,8($02("-()

)*"+, %&'%'%' I#( x ∈ R 42+-4-,-, 420& "#1#(',' |x| '0# EA4&#(#0'$) R E#(5#0

42+-02( %?$#4' R 7'4$' ?9#(',"# :'( >#%&A( 692+-"-(/ >#

x→ |x| ;!J)!<

G8,%4'+8,6 R >#%&A( 692+- ?9#(',"# :'( ,8($"6()
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 !"#$ %&'%'(' !"# z ∈ C $%#&%'($ )%*()(+(+ )%,- ."/"#0+0 |z| 0," 12)-"#",0&3

C $%#&%'($ )%*(,%# $4&")0 C 50)&0 46"#0+." 70# 8"$-2# 96%*(.(# 8"

z → |z| :;<3 =

>?+$)0*?+9 C 8"$-2# 96%*( 46"#0+." 70# +?#&.9#3

 !"#$ %&'%')' !"# x = (x1, x2, . . . , xn) ∈ Rn
0@0+

x→ ‖x‖1 =
n
∑

i=1

|xi| :;<3A=

.0*" -%+(&,%+%+ .2+4'4& Rn
46"#0+." 70# +?#&.9#3 B"#@"$-"+ 79 .2+4'4C

&4+ DE,F G DE F 8" DEAF %$)0*?&,%#(+( )%/,%.(/( $?,%*5% 12#4,4#3

 !"#$ %&'%'*' !"# z = (z1, z2, . . . , zn) ∈ Cn
0@0+

z → ‖z‖1 =
n
∑

i=1

|zi| :;<3H=

.0*" -%+(&,%+%+ .2+4'4& Cn
46"#0+." 70# +?#&.9#3 I9+9+ 0)J%-( .% *9$%C

#(.%$0+" 7"+6"#3

 !"#$ %&'%'+' !"# x = (x1, x2, . . . , xn) ∈ Rn
0@0+

x→ ‖x‖max = max
{

|xi| : (1 ≤ i ≤ n)
}

:;<3K=

.0*" -%+(&,%+%+ .2+4'4& Rn
46"#0+." 70# +?#&.9#3 : E"."+L =3

 !"#$ %&'%',' !"# z = (z1, z2, . . . , zn) ∈ Cn
0@0+

z → ‖z‖max = max
{

|zi| : (1 ≤ i ≤ n)
}

:;<3M=

.0*" -%+(&,%+%+ .2+4'4& Cn
46"#0+." 70# +?#&.9#3 : E"."+L =3

nC7?*9-,9 (n ≥ 1) 1"#@", Rn
8" $%#&%'($ Cn

N$,0- 96%*,%#( 46"#0+."

-%+(&,%+%+ 2+"&,0 +?#&,%#.%+ 70#0)0 '9.9#O

-."/0 %&'%')' Rn
*% .% Cn (n ≥ 1) 96%*(+% %0- 70# u = (u1, u2, ..., un)

8"$-2#4+4+  !"#$ %&%'"%(% %'%/(.%$0 7%/(+-( 0," -%+(&,%+(#O
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u→ ‖u‖2 =
(

n
∑

i=1

|ui|2
)

1

2

"#$%$&

'()*  !"#$ %&'() +,)-.% /,.0,12,) u → ‖u‖2 34)15-64)()() Rn
7, Cn

7,128. (9*6:*.; <9,.-)+, =-.,. )4.> 4:+(?()( -5@*2:*>*1 -0-)A 8)B,:-1:,A *C*D

?;+*1- -1- 8),>:- ,C-25-9:-?- 4.2*6* 146*B*?;9%

 !"#$" %&'%'( "E*(BF6DGBFH*.9 IC-25-9:-?-&' Rn
*+$+ Cn

 !"#, )-+*.%+

+#, /0' x = (x1, x2, ..., xn) 10 /0' y = (y1, y2, ..., yn) 10!,2'3 #4#% +5+6.$+!#
05#,7#-"#! 7+6"+%.'8

n
∑

i=1

|xiyi| ≤ ‖x‖2 · ‖y‖2 "#$%J&

≤
(

n
∑

i=1

|xi|2
)

1

2

·
(

n
∑

i=1

|yi|2
)

1

2

"#$%K&

 !"#$%

a =
∑n

i=1 |xiyi| +-6,:-> 7, λ +,?-C1,)-), L8., -1-)B- +,.,B,+,) 4:*)

Q(λ) = ‖x‖22 λ2 + 2aλ+ ‖y‖22

= λ2
n
∑

i=1

|xi|2 + 2λ
n
∑

i=1

|xiyi|+
n
∑

i=1

|yi|2

=
n
∑

i=1

(λ |xi|+ |yi|)2

≥ 0

@4:-)4>()( +<C<),:->% M,. λ -0-) Q(λ) @4:-)4>() +*->* @49-2-3 +,?,.:,.

*:*=-:>,5- -0-)

∆ = (2a)2 − 4 ‖x‖22 · ‖y‖
2
2

+-51.->-)*)2; @49-2-3 4:>*>*:;+;.% '( -5,

a2 ≤ ‖x‖22 · ‖y‖
2
2

,C-25-9:-?-)- 7,.-.A 1- =( 54)()B(5( *.*+;?;>;9 ,C-25-9:-?, +,)12-.%
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 !"#$" %&'%'( "#$%&'()&$ *+$,)$-.$/$0' Rn
 ! "! Cn(n ≥ 1) #$%&' ()!*

 +,! !&' -./ x = (x1, x2, ..., xn) 0. -./ y = (y1, y2, ..., yn) 0.$'1/2 &3&,4 #$%&'

()(,%(5(4 236., .7&'8&)%&5&,& 8!5%!/9

‖x+ y‖2 ≤ ‖x‖2 + ‖y‖2 "123140

 !"#$%

‖x+ y‖22 =
n
∑

i=1

|xi + yi| · |xi + yi|

≤
n
∑

i=1

|xi + yi| (|xi|+ |yi|), "5678% 8+$,)$-.$/$0

=
n
∑

i=1

|xi + yi| · |xi|+
n
∑

i=1

|xi + yi| · |yi|

≤ ‖x+ y‖2 · ‖x‖2 + ‖x+ y‖2 · ‖y‖2 ,
"9:;<=>?@<=(:A- 8+$,)$-.$/$0

= ‖x+ y‖2 · (‖x‖2 + ‖y‖2)

6B&:A3 C$DE$F 8/8A ‖x+ y‖2 = 0 $)8 :A:EB/BDB- 8+$,)$-.$& -:,8% G:AEBA3 */8A

‖x+ y‖2 6= 0 $)8F G:AEB/BDB- )'% 8+$,)$-.$/$% $&$ >:%B%B ‖x+ y‖2 $.8 HI.8A)8&F

$),8%8% +8> 6B&:A3

 #!") %&'%'&' Rn
G8 Cn(n ≥ 1) G8&,IA ;-:>.:ABF J&.$E ;-;%.;/;%: 7IA8F

%'AD.:%DB+ H$A8A ;-:>EBA3

 !"#$% K; ;-:>.:AE:% RL>8 ,:%BD.:%:%

x→ ‖x‖2

M'%&)$>'%;%;% %'AD :&)$>'D.:AB%B ):/.:EB/B%B 7I),8A8.$D3

NO1P #$%&'()&$ 8+$,)$-.$/$%E8% =8D8% 7IA5.5A3
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"# $

‖x‖2 =
(

n
∑

i=1

|αxi|2
)

1

2

= |α|
(

n
∑

i=1

|xi|2
)

1

2

= |α| · ‖x‖2

"#%$ &'() x = (x1, x2, . . . , xn) 6= 0 *+( xi ,*-(.(/-()*/0(/ (/12 ,*)*+* +343)01/

41)5-303)6 78 08)8901 ‖x‖2 6= 0 :-1;1'3 1<1=35>3)6

?*90* @851)3015* A)/(5-()0( n→∞ *5(/ :-8.1/ 08)898 */;(-(@(-*96

 !"#$ %&'%'(' B()*9-()* C()=(- @1 01 51)91.35 +1@3-1)01/ :-8.1/ D( >()*9E

-()*/*/ +1-> 0('()-()*/*/ >:<-193 +:/-8 :-1/ x = (x1, x2, . . . , xn, . . .) 0*2*-()*/*/
:-8.>8)08'8 5F9(@( ℓ1 821@3 0(/*-*)6 78 821@ GHI6%J /:)98/8/ +:/+82 ,:@8>1

C(/(--(.9(+*0*)6

ℓ1 =

{

(x1, x2, . . . , xn, . . .) :
∞
∑

n=1

|xn| <∞
}

GHI6HHJ

)*"+, %&'%'-' ℓ1 5F9(+*/*/ R @1 01 C ;*+9* F2()*/0( ,*) 0:')8+1- 821@

GD(5>A) 821@3J :-08'8/8 CA)9(5 5:-1@03)6 78 821@ F2()*/0(

x→ ‖x‖1 =
∞
∑

n=1

‖xn‖ GHI6H J

0*@( >1/39-1/1/ 0A/F.F9 ,*) /:)908)6 G#:)9 15+*@:9-1)3/3 +1'-1@3/326J

 !"#$ %&'%'.' B()*9-()* C()=(- @1 01 51)91.35 +1@3-1)01/ :-8.1/ D( >()*9E

-()*/*/  ! "#$#" #%& %'!'(' )%*+, %-!.* :-1/ x = (x1, x2, . . . , xn, . . .) 0*2*-()*/*/
:-8.>8)08'8 5F9(@( ℓ∞ 821@3 0(/*-*)6 78 821@ GHI6!J /:)98/8/ +:/+82 ,:E

@8>1 C(/(--(.9(+*0*)6

ℓ∞ =
{

(x1, x2, . . . , xn, . . .) : sup{|xn|, n ∈ N} <∞
}

GHI6H%J
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 !"#$ %&'%'(' ℓ∞ "#$%&'('( R )* +* C ,'&$' #-%.'(+% /'. +01.2&*3 2-*)

45%"67. 2-*)89 03+212(2 :7.$%" "03*)+8.; <2 2-*) #-%.'(+%

x→ ‖x‖∞ = sup
{

|xn| : n ∈ N
}

4=>;=?9

+')% 6*(8$3*(*( +7(#@#$ /'. (0.$+2.; 4A0.$ *"&')0$3*.8(8 &*13*)8(8-;9

)*"+, %&'%'-' B%.'$3%.' :%.C%3 )* +* "*.$*@8" &*)83*.+*( 032@*( 5% 6%.'$3%D

.'('( &*36 +%1%.3%.'('( "*.%3%.'('( 60E3*$8 &0(32 03*( /#6#( +'-'3%.'( 032@62.D

+212 2-*)* ℓ2 D2-*)8 +%('3'.; <2 2-*) 4=>;>9 F"3'6 (0.$2(2( &0(&2- /0)26*

:%(%33%$%&'+'.;

ℓ2 =







(x1, x2, . . . , xn, . . .) :

(

∞
∑

i=1

|xi|2
)

1

2

<∞







4=>;=G9

ℓ2 "#$%&'('( C ,'&$' #-%.'(+% /'. 5%"67. 2-*)8 03+212 "03*),* :7.#3%/'3'.;

<2 2-*)H *(*3'-+% 7(%$3' .03 0)(*)*( /'.  !"#$%& '()*+,+%; ℓ2 2-*)8(+*

x→ ‖x‖2 4=>;=!9

I0("&')0(2(2( /'. (0.$ 03+212(2 :7&6%.$%" 'C'(H 7(,%3'"3%H -)'./*01./2)%(

3$ 4!567286! $9!&8!("!6"$%!5!5 (ℓ2, ‖.‖) 2-*)8(+* +* :%C%.3' 03+212(2 :7&6%.D

$%3')'-;

 "#!,# %&'%'.' J*2,K)DL,KM*.- %@'6&'-3'1' (ℓ2, ‖.‖) '()*+5,) ,) :$;$%"!,!%<
 !"#$% n → ∞ '"%( 4=>;=;?9 /*18(68&8 :%C%.3'+'.; x = (x1, x2, . . . , xn, . . .)

5% y = (y1, y2, . . . , yn, . . .) :%.C%3 )* +* "*.$*@8" 6%.'$3' '"' +'-' '&%

∞
∑

i=1

|xiyi| ≤ ‖x‖ · ‖y‖ 4=>;=>9

≤
(

∞
∑

i=1

|xi|2
)

1

2

·
(

∞
∑

i=1

|yi|2
)

1

2

4=>;=N9

)*-*/'3'.'-; O#("#H &*1 )*(+*"' &%.'3%.+%( /'.'&' 8.*"&8)0.&* &*1 )*( &0(&2-

03*,*18(+*( %@'6&'-3'" +01.2 032.; P1%. &*1 )*(+*"' &%.'3%.'( K%. '"'&' +% )*D

"8(&*"&*H &*1 )*( &0(32+2. 5% "8&$' 60E3*$3*. +'-'&'H K%. +01*3 n &*)8&8 'C'(

4=>;Q9 %@'6&'-3'1'(' &*13*.; R*"8(&*" &%.'('( 60E3*$8 6*(8$8(* :7.%H n → ∞
'"%( %@'6&'-3'" /0-23$*)*,*"68.; <7)3% 032@2 /'-% 4=>;=N9 %@'6&'-3'1'(' 5%.'.;
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 !"#$" %&'%'(' "#$%&'(%# )*#+(#,-#.# (ℓ2, ‖.‖)  !"#$%&" &" '()(*+,&,*-

 !"#$% x = (x1, x2, . . . , xn, . . .) /) y = (y1, y2, . . . , yn, . . .) 0)12)- 34 54 %416

74*8% +)1#7-# 9)1 94$0# #%# (&$(:, 5#,# #() 4*4.854%# ;20)$ )*#+(#,-#.# (4.-4$81<

‖x+ y‖2 ≤ ‖x‖2 + ‖y‖2 =>!?>@A

 !"#$%

(

∞
∑

i=1

|xi + yi|2
)

1

2

≤ ‖x‖+ ‖y‖ =>!? BA

≤
(

∞
∑

i=1

|xi|2
)

1

2

+

(

∞
∑

i=1

|yi|2
)

1

2

=>!? >A

C;$%; =>!?>BA )*#+(#,-#.#$5) n → ∞ 34D74% 3)+)E)%+#1? F: #*G 5494 H$E)

I4:E936JE9'41, )*#+(#,-#.#$# 0)$)--)*+#1#1%)$ 34D+8.878,4 K)$,)1 5;*;$;*-)

34D8-4K#-#1?

 !"#$" %&'%')' (ℓ2, ‖.‖)  !"#$ %.*/+"%/$0 1,*  !"#&$*-

 !"#$%

x = (x1, x2, . . . , xn, . . .) ∈ ℓ2 #2#$

x→ ‖x‖2 =
(

∞
∑

n=1

‖xi‖2
)

1

2

=>!?  A

5#3) +4$87-4$4$ 5H$;*;7;$ $&17 4%(#3&7-418$8 (4.-458.8$8 0H(+)1)E).#,? LM>N

4%(#3&7:$:$ (4.-4$58.8 "#$%&'(%# )*#+(#,-#.#$5)$ 28%41? O+)%# #%# 4%(#3&7:$

(4.-4$58.8 4D428%+81?

 #!"* %&'%'%+' F#1 [a, b] 414-8.8 ;,)1#$5) P#)74$$ #$+)014-# /41&-4$ %416

74*8% 5).)1-# K;+;$ Q&$%(#3&$-418$ &-:*+:15:.: %;7)3) R[a, b] 5#3)-#7? F:

%;7) C %4174*8% (438-41 E#(7# ;,)1#$5) K#1 /)%+H1 :,438581? F: :,43 ;,)1#$5)

f → ‖f‖1 =
∫ b

a

|f(x)| dx =>!? RA

5H$;*;7; K#1 3418 $&17 &-:1G 474 K#1 $&17 5).#-5#1? F:$4 L1
6 3418 $&17:

5#3)E).#,?
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"#$%#&'#( )*+, -# )* , .&/01234.$5 0('#6$.4 78#440&4#$0(9#( :#3#( 67$;4;$<

='# 1.(9.( >? ?8.1. .0' >0$ f @2(&/012(? 0%0( ‖f‖1 = 0 243./5A 1.(0

∫ b

a

‖f(x)‖dx = 0

243./5 f = 0 243./5(5 6#$#&'0$3#8< B*#9#(CD E? 97(;F;3; (2$3 1.G.>043#&

0%0( (./54 >0$ 124 084#(#>040$C

 !"#$ %&'%'%%' E0$ [a, b] .$.45H5 ;8#$0(9# '.(5345A &.$3.F5& 9#H#$40 -# /;$#&40

>;';( @2(&/012(4.$5( 24?F'?$9?H? &;3#10 C[a, b] 04# 67/'#$#I#H08< E? &;3#A

R[a, b] -#&'7$ ?8.15(5( >0$ .4'J-#&'7$ ?8.1595$< K?&.$59.&0 L1
J 1.$5J(2$3?

C[a, b] ;8#$0(9# >0$ (2$3 24?$< *#9#(C

 !"#$ %&'%'%(' L#$ :.(60 >0$ X &;3#/0 ;8#$0(9# '.(5345A &.$3.F5& 9#H#$40

-# /5(5$45 >;';( @2(&/012(4.$5( 24?F'?$9?H? B(X) &;3#/0A &.$3.F5& /.154.$

I0/30 ;8#$0(9# >0$ -#&'7$ ?8.1595$< E? ?8.1 ;8#$0(9#

f → ‖f‖
∞

= sup {|f(x)| , x ∈ X} B+M< ND

97(;F;3; >0$ (2$39?$< E?(. 9;86;( 1.&5(/.3. (2$3? 9#(040$< E?(?( >0$

(2$3 249?H?(? 67/'#$0(08<

 !"#$ %&'%'%)' O#>#/6?# 0('#6$.40(# 67$#A [0, 1] .$.45H5 ;8#$0(9# /.4' 9#H#$4#J
$0(0( &.$#4#$0 0('#6$.44#(#>04#( &.$3.F5& 9#H#$40 >;';( @2(&/012(4.$5( ?8.15(5

L2[0, 1] 04# 67/'#$#403< E? ?8.1 ;8#$0(9#

ϕ→ ‖ϕ‖2 =
(
∫ 1

0

‖ϕ(x)‖2dx
)

1

2

B+M< PD

901# '.(534.(.( 97(;F;3;( >0$ 1.$5J(2$3 249?H? 0('#6$.4 &?$.35(9.( >040J

(0$< Q3.A 0('#6$.40 /5@5$. #F0' G280'0@ 9#H#$40 >0$ @2(&/012( 0%0( .(I.& :#3#(

:#3#( :#$ 1#$9# /5@5$ 249?H?(? /714#1#>040$08< R24.15/514. 1?&.$59.&0 97(;J

F;3 >0$ (2$3 9#H0490$<

E?(? (2$3 1.G.>043#& 0%0( L2[0, 1] ?8.15(5 :#3#( :#3#( :#$ 1#$9# >0$J

>0$0(# #F0' 24.( @2(&/012(4.$5( 24?F'?$9?H? 9#(&40& /5(5S.$5(. .15$.453 -# >?

9#(&40& /5(5S.$5(5( 24?F'?$9?H? ?8.15 L2[0, 1] 04# 67/'#$#403< E? ?8.1 ;8#$0(9#

B+<+!D 97(;F;3;(;( >0$ (2$3 249?H? 67/'#$04#>040$<



 !" " #$%&'( ()*+'*%   !

 !" " #$%&'()'($

"# $%&'%()* +%,)-%& *.'/+0 .1/&023/4 5/& +%,),) 6 +%,)2)2 +%-7 3/8/&02/

9:7.&/2 3:2.(.'.2 ;0& 26&' 6-3<8<2< 9:+7/&0201#

 # =< ;:-.'3/ %,&)27)-) 0+>%7-%&) ?/&0-'/3/2 9/@0-/2 :&2/*-/&0 %,&)27)-%&)2%

02/&/* 0+>%7-%,)2)1#



 !"  !"#$ %&' $()*+, -./0"/*

 !"# $%&'()

 !"#$% &'() %(*#( +

#$%&'()&*+ ,-% ./(01 23%+3043) 5)63 ,-% 73895% ./(0*4*%1 0()- (X, ‖‖)
)$%&'()&*+ ,-% ./(0 -:31 X 8;&3:- ;/3%-)43 ,-% 73895% ./(0* 0(<*:* 7(%4*%=

>0:(1 ,. 83:-&43 9()*&'(0(6(?*&*/ &39%-8 ./(0 8(7%(&* -@-) X 8;&3:-)-)1

(+(?*4( :50'30363?-&-/ &39%-8 (8:-0$&'(%*)4() ,(+8( ,-% 5/3''-?3 0( 4( 0(A

<*0( :(2-< $'&(:* B3%38&3/=

C-% &39%-8 ./(01 5?3'3%- (%(:*)4(8- 0(8*)'*8 ,3'-%'3)&-+ ,-% 8;&34-%= C(+8(

,-% 430-+'31 ;/3%-)43 ,-% ./(8'*8 D$)8:-0$). 9()*&'()&*+ ,-% 8;&34-%= E3%A

@3893)1 (4*)( &39%-8 4-0363?-&-/ ,. 8(7%(&1 23%83:-) :3/B-:3' $'(%(8 ,-'4-?-

./(8'*8 8(7%(&*)*) B3)3''3&3:-)43) ,(+8( ,-%+30 43?-'4-%=

 !"#$ %&'('%' C-% X 8;&3:- -'3 ,-% ρ : X × X → R D$)8:-0$). 73%-'&-+

$':.)= F+(?*4(8- (8:-0$&'(%* :*%('*0('*&G

H3% x, y, z ∈ X -@-)

IJKL ρ(x, y) ≥ 0

IJ L ρ(x, y) ≤ ρ(x, z) + ρ(z, y) M;@B3) 3+-9:-/'-?-N

IJ!L ρ(x, y) = ρ(y, x) M:-&39%-8N

IJOL x = y ⇒ ρ(x, y) = 0 (0()- ρ(x, x) = 0)

IJPL x 6= y ⇒ ρ(x, y) 6= 0

C. (8:-0$&'(%4()

[M1] 73 IJ L 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43 ,-%

 !"# $%&"'()' *+,!)'-)%$'-$%&"'./0

[M1]1 IJ L 73 IJ!L 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43

,-%  !"# $%&"'( *)%$'-$%&"'./0

[M1]1 IJ L 73 IJOL 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:- ;/3%-)43

,-% )123% $%&"'()' *+,!)'-4)%,35$%&"'./0

[M1]1 IJ L 1 IJ!L 73 IJOL 5/3'-8'3%- :(?'()*0$%:( ρ D$)8:-0$).)( X 8;&3:-

;/3%-)43 ,-% )123% $%&"'( *4)%,35$%&"'./0



 !"#" $%&'()  !"

[M1]# $% & # $%!& # $%'& () $%*& +,)-./-)0. 123-24567012 ρ 874/1.674942 X
/:;)1. :,)0.4<) =.0  !"#$% & !"#$'()

<)4.-.0>

?);)4 =)-.0@)-.; /. =9 2/1.67;-20 =.0=.0-)0.4<)4 =235;15, <)3.-<.0> A0B

4)3.4 $%'&#$% & () $%!& 2/1.67;-205 1502156-2 /9--24-5012

0 = ρ(x, x) ≤ ρ(x, y) + ρ(y, x) = 2ρ(x, y)

C5/20# /. =9# $%"& 2/1.67;949 ()0.0>

D,)0.4<) =.0 ;)@0./ @245;-24;5E =.0 /:;)6) =.0  !"#$% *+,- <.6)F)3.,>

G3)0 ρ 874/1.6749# X /:;)1. :,)0.4<) =.0 ;)@0./ .1)# =9 ;)@0./ 9,265 (X, ρ)
.-) H+1@)0)F)3.,>

.,#/0 !"#$% *+,- ()  !"#$%$ 1$ *+,- /2(02;-205 <2 =)4,)0 7-202/ @245;B

-2450>

(X, ρ) =.0 ;)@0./ 9,26 () x, y ∈ X .1)# 4)H2@.8 7-;2624 ρ(x, y) H)0C)-

12651542 x .-) y +3)-)0. 202154<2/. *+,%2/% <.6)F)3.,>

 !"#$ %&'('%' I7E 7-;2624 J)0 J24H. =.0 X /:;)1. ()0.-1.4> X ×X <)4 R

6) @245;-2424

δ(x, y) =

{

0, x = y

1, x 6= y

<+4:E:;: =.0 ;)@0./@.0>

 !"#$ %&'('(' | | 1.;H)1. H)0C)- )/1)4<) 12-@ <)3)0 874/1.674949 H+1@)0;)/

:,)0)# R× R <)4 R 6) @245;-2424

µ(x, y) = |x− y| , (x, y ∈ R) K"L> MN

874/1.6749 =.0 ;)@0./@.0> O<542# H)0C)- )/1)4 :,)0.4<)/. 1,2" 3!4!#  !"#$4$

62 <2 /512F2 1,2"  !"#$%# <.6)F)3.;., =9 ;)@0./# ./. H)0C)- 1265 202154<2/.

9,2/-535 ()0;)/@)<.0> µ 494 ;)@0./ 2/1.67;-20545 123-2<535 /7-26F2 H+0:-:0>

 !"#$ %&'(')' | | 1.;H)1. /20;2E5/ <:,-);<) 12-@ <)3)0 874/1.674949 H+1B

@)0;)/ :,)0)# C× C <)4 R 6) @245;-2424

κ(z1, z2) = |z1 − z2| , (z1, z2 ∈ C) K"L> LN

874/1.6749 =.0 ;)@0./@.0> O<542# /20;2E5/ <:,-); :,)0.4<)/. 1,2" 3!4!#  !"0

#$4$ 62 <2# /512F2 1,2"  !"#$% <.6)F)3.;., =9 ;)@0./# ./. /20;2E5/ 1265 202B

154<2/. 9,2/-535 ()0;)/@)<.0> κ 454 ;)@0./ 2/1.67;-20545 123-2<535 /7-26F2

H+0:-:0>



 !  !"#$ %&' $()*+, -./0"/*

 !"#$" %&'('%' x = (x1, x2, ..., xn ∈ Rn)  ! y = (y1, y2, ..., yn ∈ Rn) "n ≥ 1#
$%&'( )*!+! Rn × Rn

,!- R .! /'-0&%'-'-

p : (x, y)→ p(x, y) =
n
∑

i=1

|xi − yi| "#$% &'

,1-)2)&) Rn
)*!+3-,! 43+ &!/+3(/3+5

 !"#$% ()#* +,- () * ./0+123,.45656 0.7,.68575 .9.:5/;54% ()!* ./0+123<

n
∑

i=1

|xi − yi| =
n
∑

i=1

|(xi − zi) + (zi − yi)|

≤
n
∑

i=1

|xi − zi|+
n
∑

i=1

|zi − yi|

-=+;0+>,+7+68-6 :5/.4% ?26 2,.4./@ ()A* B- ()C* ./0+123,.45

n
∑

i=1

|xi − yi| = 0⇔ xi = yi (1 ≤ i ≤ n)

⇔ x = y

D.756;50568.6 :5/.4%

 !"#$" %&'('(' x = (x1, x2, ..., xn ∈ Rn)  ! y = (y1, y2, ..., yn ∈ Rn) "n ≥ 1#
$%&'( )*!+! Rn × Rn

,!- R .! /'-0&%'-'-

m : (x, y)→ m(x, y) = max{|xi − yi| : 1 ≤ i ≤ n} "#$% E'

,1-)2)&) Rn
)*!+3-,! 43+ &!/+3(/3+5

 !"#$% ()#* +,- () * ./0+123,.45656 0.7,.68575 .9.:5/;54% ()!* ./0+123<

max |xi − yi| ≤ max{|xi − zi|+ |zi − yi|} (1 ≤ i ≤ n)

≤ max |xi − zi|+max |zi − yi|
-=+;0+>,+7+68-6 :5/.4% ?26 2,.4./@ ()A* B- ()C* ./0+123,.45

m(x, y) = 0⇔ max |xi − yi| = 0 (1 ≤ i ≤ n)

⇔ |xi − yi| = 0

⇔ xi = yi

⇔ x = y

D.756;50568.6 :5/.4%



 !"#" $%&'()  !!

 !"#$" %&'(')' Rn
 ! "! Cn(n ≥ 1) #$%&'( )*! +!(, -*$(./"$

sn(x, y) =

(

n
∑

i=1

|xi − yi|2
)

1

2

"#$%!&'

". $ &!/,0+!/!/ "'/-1-0 2.( 0$&(.%&.(3 4)/! ()*+, -.,/+0+ ". $5$6.*3

 !"#$% 12#34 12 34 1253 6. 1273 8)9+:;-*8/<=<= 980*8=><0< 8?8@<),</% 12!3

8)9+:;-A=A= 980*8=><0<=< BC/-.) +@+=4 x = (x1, x2, . . . , xn) :./+=.

x− y = (x1 − y1, x2 − y2, . . . , xn − yn)

);:8/8) 7./%89:%. .D+,9+E*+0+=+ A:BA*8-8) :.,.F.),+/%

n = 1 +@+= sn -.,/+0+=+= µ 98*, -.,/+0+=. +=>+/B.=>+0+ 8@<),</%

 !"#$" %&'('*' (X, ρ) 2.( 0$&(.%.0:. )*! .:$; <$( x, y, z ∈ X .=./

|ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) "#$%!#'

8+)(3

 !"#$% 12 3 6. 12!3 >.=

ρ(x, z) ≤ ρ(y, z) + ρ(x, y)

6.

ρ(y, z) ≤ ρ(y, x) + ρ(x, z) = ρ(x, y) + ρ(x, z)

:8E<*8G+*+/% HA/8>8=

−ρ(x, y) ≤ ρ(x, z)− ρ(y, z) ≤ ρ(x, y)

@<)8/% HA4 +9,.=.=+ 6./+/%

 !"#$" %&'('+' (X, ρ) 2.( 0$&(.%.0:. )*! .:$; <$( x, y ∈ X .=./

q : (x, y)→ q(x, y) = min{1, ρ(x, y)} "#$%! '

". $ &!/,0+!/!/ "'/-1-0 "$ X -*$(./"$ 2.( -.,/+)+-9+ 8+)(3



 !"  !"#$ %&' $()*+, -./0"/*

 !"#$% #$%&' #$ & () #$"& *+,-./01*23434 ,*51*46353 *7*83+932: #$!& *+,-;

./0<4<4 ,*51*46353 -,)

min{1, ρ(x, y)} ≤ min{1, ρ(x, z) + ρ(z, y)}

≤ min{1, ρ(x, z)}+min{1, ρ(z, y)}
)=-9,->1-5-46)4 83+*2: ?-06- @< )=-9,->1-5-4 (*2135343 AB,9)2)1-0: C+- D*1 (*2632:

E5)2 ρ(x, z)+ρ(z, y) ≥ 1 -,) ,/1 .*4 1F6)4 @G.G+ /10*.*H*534* AB2)' )=-9,->1-+

(*2632: E5)2 ρ(x, z) + ρ(z, y) < 1 -,)' -,9)4)4 =). ρ(x, y) ≤ ρ(x, z) + ρ(z, y)
6)4 83+*2:

I)0)+ +- q 6B4G=G0G X G>)2-46) @-2 0)92-+-0,-6-2:

 !"#$" %&'(')'  !"#$%$&'$(!#)!* +(,-.* /!# /.*0$ 1$# .$(!*$* "+2(.&3 ).

1$# &!"#$%$&'$)$#4 56!( +(.#.%7 '+*(, ".*! &!"#$8$* "+2(.&3 ). 1$# &!"#$%"$#4

 !"#$% X G>)2-46) 9*43013 @-2 {ηi : i ∈ I} 0)92-+-0,-1)2 *-1),- ()2-1,-4:

J< 6<2<06* η =
∑

i∈I ηi 9/71*03434 6* X G>)2-46) @-2 0)92-+-0,- /16<5<4<

AB,9)2)H)5->: K)28)+9)4' D)2 x, y ∈ X -8-4

(x, y)→ η(x, y) =
∑

i∈I

ηi(x, y) L%M:!!N

6-.) 9*4301*4*4 O/4+,-./4<4 #$%&;#$"& *+,-./01*2343 ,*51*.*H*5343 AB20)+

-8-4' D)2 i ∈ I -8-4 ηi 4-4 @< *+,-./01*23 ,*51*635343 6G=G40)+ .)9)H)+9-2:

P>)1 /1*2*+ I -46-, +G0),- ,/41< () ηi 1)2 @-2)2 0)92-+ -,) 9/71*01*23434

,/41< +*1*H*53 () #$Q& *+,-./0<4<4 6* ,*51*4*H*53 *7*83+932:

 !"#$" %&'('&'  !"#$%$&'$(!#)!* +(,-.* /!# /.*0$ 1$# .$(!*$* )4 +G8G+

G,9 ,34323 L,<7N ). 1$# &!"#$%$&'$)$#4 56!( +(.#.%7 '+*(, ".*! &!"#$8$* 0*+;

,-0<0< ). 1$# &!"#$%"$#4

 !"#$% X G>)2-46) 9*43013 @-2 {ηi : i ∈ I} &!"#$%$&'$(!# *-1),- ()2-1,-4:

J< 6<2<06*

χ = sup{ηi : i ∈ I}
6B4G=G0G4G4 6) X G>)2-46) @-2 0)92-+-0,- /16<5<4< AB,9)2)H)5->: χ 4-4

9*4303 <.*234H*' D)2 x, y ∈ X -8-4

χ : (x, y)→ χ(x, y) = sup{ηi(x, y) : i ∈ I} L%M:!"N

/1<2: χ 4-4 6B4G=G0G4G4 #$%&;#$"& *+,-./01*2343 ,*51*.*H*5343 AB20)+ -8-4'

.-4) D)2 i ∈ I -8-4 ηi 4-4 @< *+,-./01*23 ,*51*635343 6G=G40)+ .)9)H)+9-2:



 !"#" $%&'()  !"

#$%& '&()(*+ I ,'-&. /% ηi &%) 01)%) 2%3)1* 1,%+ 0.-&()4- %- *565* 5,3 ,4-4)4

(x, y)→ χ(x, y) = max{ηi(x, y) : i ∈ I, I ,'-&.} 789:!";

2(*,12.2.-( %<1331): =5-*5 ,'-&. ,(>4?( ηi(x, y) @%)6%& ,(>4 *52%,1-1- sup
?%A%)1 max ?%A%)1-% %<1331): B'&(>4,4>&(+ χ -1- CD"E (*,1>'2.-. ,(A&(>(F(A4

G%2%- @H)5&5):

 !"#$" %&'(')'  !" #$%&' ('" X )*+!,' '-! #!" #$%&' ('" (E, η) +!."')'+,'
/0$12 3!"'-,'% 3! ('" f : X → E 45%),'15%/ .$%2+-$%+26 5-,/%7 8/ 9/"/+9$:

#!" x, y ∈ X ';'%

ϑ : (x, y)→ ϑ(x, y) = η(f(x), f(y)) 789:!I;

9'1! .$%2+-$%$% ϑ 9<%*6*+* X *0!"'%9! ('" +!."')'+,' 5-/"7

 !"#$% J.-.- CD8EKCDLE (*,1>'2&()4-4 ,(A&(>(F(A4 *'&(>F( @H)5&%01&1):

M-F(* η 01) 2%3)1* '&,( 01&%+ ϑ 01) 2%3)1* '&2(>(01&1): J.-. (<(A4?(*1 H)K

-%*3%- @H)%01&1)1$:

 #!"* %&'('+' J1)X *52%,1 1&% G%) G(-@1 01) f : X → R N'-*,1>'-. /%)1&,1-:

ϑ : (x, y)→ ϑ(x, y) = |f(x)− f(y)|
?H-5<525 X 5$%)1-?% 01) +!."')'+,'9'"+ (2( 01) 2%3)1* '&2(>(01&1): O%)K

6%*3%- f 01)%K01) ?%A1&,% ϑ -4- CD"E (*,1>'2.-. ,(A&(2(>(F(A4 (P(64*34):

Q12?1 ?%+ 0. ?H-5<525- 2%3)1* '&?.A. ?.).2( 01) H)-%* /%)%&12:

 #!"* %&'(','

ν(x, y) =

∣

∣

∣

∣

x

1 + |x| −
y

1 + |y|

∣

∣

∣

∣

789:!9;

?1>% 3(-42&(-(- ν N'-*,1>'-. R 5$%)1-?% 01) 2%3)1*31):

O%)6%*3%- ν -5- 2%3)1*12,1 '&?.A. >.*()4?(*1 H)-%*3%- 0%&&1?1):

x→ x

(1 + |x|)

N'-*,1>'-.-.- R ?%- (−1,+1) 5$%)1-% ,5)%*&1 /% 01)%K01) '&?.A.-. 01&1>').$:

#>&%>,% CD"E (*,1>'2. ?( ,(A&(-(F(*34):



 !"  !"#$ %&' $()*+, -./0"/*

 !"#$" %&'(')' (X, ‖‖)  !"#$% #&' ()" *+%, )-. /." x, y ∈ X )0) 

ρ : (x, y)→ ρ(x, y) = ‖x− y‖ #$%&!'(

1),. 2% &#$% % ρ 13 4'4#4 X 54#.-) 4+.") 1. ()" #.2")5 !$*"6

 !"#$% )*+, -*./012*.3 .45671- 8494+ 6:,68;9;.86.< #$%&!'( 1:4 76.;,:6=

.6. ρ 8>.?@?,? AB$C 6/012*,3.3 069:6+& AB C 6/012*,3< α 24+1.4 −1 /*.3=

:3+06 A) C 84. D;/6+& AB!C 6/012*,3

ρ(x, y) = ‖x− y‖
= ‖x− z + z − y‖
≤ ‖x− z‖+ ‖z − y‖
= d(x, z) + d(z, y)

84. 5>+?:?+& ABEC F4 ABGC 6/012*,:6+; 104

ρ(x, y) = ‖x− y‖ = 0⇔ x = y

84. D;/6+&

*+,#- %&'('%' H3/6+;86 76.;,:6.,;@ *:6. s, p,m F4 sn ,47+1/:4+1.1. 1:51:1

I/:18 .*+,:6+;.86. 4:84 481:4J1:8191.1 5>+?.?K&

 #!". %&'('/' C[a, b] /?,401.4 617 L4+ f, g 1D1.

(f, g)→ ρ(f, g) = ‖f − g‖1 =
∫ b

a

|f(x)− g(x)| dx #$%&!M(

8124 76.;,:6.6. ρ 8>.?@?,? J1+ ,47+1/71+&

 #!". %&'('&' #$%& E( 1:4 76.;,:6.6. B(X) /?,401.4 617 L4+ f, g 1D1.

(f, g)→ ρ(f, g) = ‖f − g‖
∞

#$%&EN(

= sup
x∈X

|f(x)− g(x)| #$%&E$(

8124 76.;,:6.6. ρ 8>.?@?,? J1+ ,47+1/71+& )484.O

 !"#$" %&'('%0' 7.2")5)#-) *+%,$%"1% !$*'% ()" {(Xn, ηn) : n ∈ N}
%)$.-) 8.")$-) 6 X = Πn∈NXn 5%"2.+,. 0%"9&#& & 2% &#$%,%$&#6 :." n )0) 

xn, yn ∈ Xn !$#%5 4+.".; /." x = (xn), y = (yn) ∈ X

ρ : (x, y)→ ρ(x, y) =
∞
∑

n=1

2−nηn(xn, yn) #$%&E (

13 4'4#4 X 4+.") 1. ()" ,47+1/1,0181+&

P3.3. 10Q67; /*:62R6 26Q6J1:4R4/71+&



 !"#" $%&'()  !"

 !"#" $%&'()*()%

#$ %& '()*+,( *)-./0 1.-02+.1.3 453('2(5* *)-./2.10306$

 $ x = (x1, x2) 7( y = (y1, y2) 48(2(5* R2
'9+()*3,(3 .203+.' 96(5(:

.;.80,.'*2(5,(3 <.3=*2(5* R2
96(5*3,( >*5 +(/5*' ,(8*2,*5?

ρ(x, y) = min{|x1 − y1| , |x2 − y2|}
δ(x, y) = (x1 − y1)

2 + (x2 − y2)
2

ψ(x, y) = |x1|+ |y1|+ |x2|+ |y2|

!$ @A32& ).10,. (Xi, ηi): 1 ≤ i ≤ n: n ∈ N: +(/5*' &6.12.50 7(5*2*1A5$

X = Πn
i=1Xi

A2)&3 7( x, y ∈ X *)( x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) A2+.'

96(5(:

α(x, y) =

(

n
∑

i=1

[ηi(xi, yi)]
2

)
1

2

β(x, y) =
n
∑

i=1

ηi(xi, yi)

γ(x, y) = max{ηi(xi, yi) : 1 ≤ i ≤ n}

BA3')*1A32.50 /.30+2.301A5$ %&32.5 X 96(5*3,( >*5(5 +(/5*' +*,*5?

C$ C× C ,(3 RD1( /.30+2.3.3

ρ(z1, z2) = |z1 − z2|

BA3')*1A3&3&3 >*5 +(/5*' A2,&8&3& =4)/(5*3*6$ %&3.: '.5+.;0' ).102.5

96(5*3,('*  !"# $%&%' (%#')&) ,*1(E(8*6$

F$ (X, ρ) >*5 +(/5*' &6.1 A2)&3$ G(5 x, y ∈ X *H*3

δ(x, y) =
ρ(x, y)

1 + ρ(x, y)

,*1( /.30+2.3.3 δ BA3')*1A3&3&3 ,. X 96(5*3,( >*5 +(/5*' A2,&8&3&

=4)/(5*3*6$



 !"  !"#$ %&' $()*+, -./0"/*

#$ (X, ρ) %&' ()*'&+ ,-./ 012,3$ X × X 4)3 R5/) *.36(1.3.3 .7.864.+&

903+2&/031.'4.3 :.3;&1)'& X <-)'&34) %&' ()*'&+*&'=

δ(x, y) = kρ(x, y), (k ∈ R+)

γ(x, y) = kρ(x, y), (k ∈ R)

µ(x, y) = [ρ(x, y)]n, (n ∈ N)

ν(x, y) = [ρ(x, y)]r, (0 < r < 1)

>$ X +<()2&3) .&* 2.%&* %&' a 30+*.26 2)?)1&($ @)' f, g ∈ CX
&?&3

ρ : (f, g)→ ρ(f, g) = |f(a)− g(a)|

4&/) *.36(1.3.3 ρ 4A3<7<(< Cx
<-)'&34) %&' ()*'&+&(2&4&'$ B)4)3=

"$ C<*<3 +.'(.76+ 4&-&1)'&3 01,7*,'4,8, +<()/) C 4&/)1&(D /.3&

C = {x|x = (xn), xn ∈ C, n ∈ N}

012,3$ EA2*)'&3&- +&

ρ(x, y) =
∞
∑

i=1

1

2n
· |xn − yn|
1 + |xn − yn|

FG>$H!I

4&/) *.36(1.3.3 ρ 903+2&/03, C +<()2& <-)'&34) %&' ()*'&+*&'$

J$ C&' [a, b] .'.1686 <-)'&34) 2636'16 4)8&7&(1& %<*<3 903+2&/031.'63 01,7*,'K

4,8, +<()/& B[a, b] &1) ;A2*)')L)8&-$ C,3,3 %&' M)+*A' ,-./6 014,8,3,

;A2*)'&3&-$ @)' f 903+2&/03,3,3 *.( 4)8&7&(&3& δ(f) &1) *)(2&1 )4)'2)+N

f → δ(f) 4A3<7<(<3<3 %, ,-./ <-)'&34) %&' /.'6 30'( 014,8,N .(.

%&' 30'( 01(.4686 +01./L. ;A'<1)%&1&'$ O01./626/1.N

(f, g)→ ρ(f, g) = δ(f − g)

4A3<7<(< %, ,-./ <-)'&34) %&' ()*'&+&(2& 01,'$ EA2*)'&3&-$



 !"#" $%&'%( &)*)()+,  !"

 !"# $%&'%( &)*)()+,

#$%&'()(*( +(,-.)./( 0.+(1 2343'356+ &/($'(,.1 78$8+ 76, 79'8)8 ($1. /(:

)(1*( 76, );2,6+ &/($*.,< =(>( *3?,& 76, *;$6-';@ >;, );2,6+ &/($ 76, A;

$('1./ 76, 2343'356+ &/($ 7;'6,';,< B&1( C9/ +31&C& );2,6?61 7;'6,';*6?6 -./0.1

/2321245 *6$;D;?6/< B& +;C6)*; 7&1&1 1(C.' 3'*&?&1& %9,;D;?6/< E)( >;);1

7;'6,2;'6) +6@ 7& 9/;'6?61 +(,-.2. %;1;' 3'(,(+ *3?,& *;?6'*6,F $(16 >;, 2343'356+

&/($ 76, );2,6+ &/($ 7;'6,';);+ /3,&1*( *;?6'*6,<

 !"#$ %&'('%' (X, ρ) 76, );2,6+ &/($ 3'C&1 A; 76, a ∈ X 9?;C6 6'; 76, r > 0
C($.C. A;,6'C61<

Bρ(a, r) = {x ∈ X : ρ(a, x) < r}
('2:+8);C61; a );,+;/'6 A; r $(,.0(4'.  !"# $%& ' *6$;D;?6/< ρ );2,6?6161

7(-+(C.$'( +(,.-)(C. +&-+&C& 3')(*.?. /()(1 Bρ(a, r) $;,61;@ %9C2;,6)*; 7(:

C62'6?6 C(?'()(+ 6061@ B(a, r) $(/(D(?./<

G6)*6 );2,6+ &/($*(1 76, 2343'356+ &/($.1 ;'*; ;*6'6-616 (0.+'($(D(?./<

B&1&1 6061@ 76, );2,6+ &/($*( (0.+ $&A(,'(,.1 76, 2343'356 2(7(1. 3'*&:

?&1& %9C2;,);+ $;2;D;+26,< B& 2343'356$;@ C9/ +31&C& );2,6?61 8,;226?6 );2,;'

2343'356 *6$;D;?6/<

)"*+$* %&'('%' ()' *+,')# %- $. )#)  !"# $%& '"/  ' #+0),) 123 .+4)50+6 1%

 ' #+0),+  ), 7+' /2#, $ # '3"5"#6 1% /2#, $" *+'#+- # 1%5 +.+/ &+  ' #+0),

, ' 8"/. / # 90 / /  !"# 1)' $%& ' & '."':

 !"#$% (X, ρ) 76, );2,6+ &/($ 3'C&1< H9,;D;?6/ +6 ;?;,

c ∈ B(a, r1) ∩ B(b, r2) IJK<LLM

6C;

B(c, r) ⊂ B(a, r1) ∩ B(b, r2) IJK<LNM

3'(D(+ -;+6'*; 76, r > 0 C($.C. A(,*.,< c ∈ B(a, r1) 3'*&?&1*(1 ρ(a, c) < r1
*6,@ +6 7&,(*(1 r1 − ρ(a, c) > 0 $(/(76'6,6/< B;1/;, 3'(,(+@ r2 − ρ(b, c) > 0
3'(D(?. *( (4(0.+2.,< G6)*6

r = inf{r1 − ρ(a, c), r2 − ρ(b, c)}



 !"  !"#$ %&' $()*+, -./0"/*

#$%&'$() *+ #+,+(#- -,-#./.(.0 123)!45 6-/.78.9. 9-/'-7-:-;8.,) <&,=&;8&7>

x ∈ B(c, r) $9&>

ρ(x, a) ≤ ρ(x, c) + ρ(c, a)

< r + ρ(c, a)

≤ [r1 − ρ(c, a)] + ρ(c, a)

= r1

?'-:-;8.,) *+> x ∈ B(a, r1) ?'(-9. #&(&;8$,) *&70&, %?''- x ∈ B(b, r2) ?'#+/+
#- @A98&,$'&6$'$,) *+ 9?7 $;$ $=&,(& -,-#./.(.0 ;-B9-(-%. C&,$,)

 !"#!$ %&'('%'  !" #$%"!& '()*+, -.%., )/+& *'0)"1)"+,2), 31'4), )!1$ -!"

%353136! %)-),+2+"7

 !"#$% (X, ρ) 6$, (&8,$; +0-% ?'9+7) *+ (&8,$; +0-%.7 6D8D7 -=.; %+C-,E

'-,.7#-7 ?'+F-7 -$'&%$ B $'& @A98&,&'$(G %-7$

B = {B(x, r) : x ∈ X, r > 0}
?'9+7) H$(#$ B -$'&9$7$7 6$, 8?B?'?I$ 8-6-7. ?'#+/+7+ @A98&,&:&/$0) *+ $F $=$7>

B -$'&9$7$7> 8?B?'?I$ 8-6-7. $=$7 @&,&;'$ C& %&8&,'$ ;?F+''-,. 6&'$,'&%&7  !"#$"

!)2)J 7$7 ;?F+''-,.7. 9-/'-#./.7. @A98&,(&; %&8&:&;8$,)

K&, r > 0 $=$7 x ∈ B(x, r) ?'#+/+7#-7

X = ∪{B(x, r) : x ∈ X, r > 0}
?'-:-/. -B-=.;8.,) L&(&; ;$> 9A0D7D &88$/$($0 A7&,(&7$7 6$,$7:$ ;?F+'+ 9-/E

'-7(-;8-#.,) M;$7:$ ;?F+'+7 9-/'-7#./.7. $9& A7:&;$ A7&,(&#&7 6$'$%?,+0)

N,8.;> 6$, (&8,$; +0-%#-7 6$, 8?B?'?I$; +0-%.7 7-9.' &'#& &#$'#$/$7$ 9A%E

'&%&6$'$,$0O *$, (&8,$; +0-%.7 6D8D7 -=.; %+C-,'-,.7#-7 ?'+F-7 B -$'&9$7$7

D,&88$/$ B∗
-$'&9$> %-7$ -=.; %+C-,'-,.7 P&, P-7@$ 6$, 6$'&F$($7& &F$8 ?'-7 6DE

8D7 ;D(&'&,#&7 ?'+F-7 -$'&> X ;D(&9$ D0&,$7#& 6$, 8?B?'?I$; %-B.#.,) N%,.:->

6+ 8?B?'?I$7$7 6$,8&; ?'#+/+ D,&8$'&7 -$'& 8-7.(.7#-7 6&''$#$,)

*+ 9A%'&#$;'&,$($0$ #&,'&%&,&; F+ 8&?,&($ $Q-#& &#&6$'$,$0 O

 !"#!$ %&'(')' 8$" #$%"!& -!" 0$ *)1,+( -!" %),$ #$%"$1 %353136! -$1!"1$"7

 *+,$ %&'(')' *$, (X, ρ) (&8,$; +0-%. C&,$'#$/$7#& ρ (&8,$/$7$7 X ;D(&9$

D0&,$7#& 6&'$,'&#$/$ 8?B?'?I$%& (&8,&' 8?B?'?I$ #$%&:&; C& Tρ $'& @A98&,&:&/$0)

X ;D(&9$ D0&,$7#&;$ Q-,;'. $;$ (&8,$; -%7. 6$, 8?B?'?I$%$ 6&'$,'$%?,9-> 6+ $;$

(&8,$; 6$,6$,$7& #&7;8$,G %-7$ 6$, X ;D(&9$ D0&,$7#& 8-7.('. ρ C& µ (&8,$;'&,$

$=$7 Td = Tµ ?'+%?,9- ρ $'& µ 6$,6$,$7& 2$,& !&! #$%"!&%!" #&7$'$,)



 !"#" $%&'%( &)*)()+,  !"

Tρ  !"!#!$%&%'( )*+( ,-./ /01(#(+( (X, ρ) 1( +%/ 23,4.'.' ,-./ /01(#(+%

5%4(6(7%38 Bρ(x, r) 429,+#,+.'5,' !#2:,' B ,%#(&% Td  !"!#!$%&%'%' ;%+  ,;,'.

%5%8 <!#,4.&.4#,= ;2 429,+#,+.' >(+;%+%&% ,-./ ;%+ /01(5%+8 ?2 /01(#(+( ,-./

429,+#,+ 5('1(&%'%' '(5('% ;252+8

?%+  !"!#!$%/ 23,45,/% ,-./ /01(#(+=  !"!#!$%  ,;,'.', ,% /01(#(+%' ;%+

;%#(:%1%'( (:% !#5272', )*+(= ;%+ 1( +%/ 23,45,/% >(+ ,-./ /01(= ,-./ 42@

9,+#,+.' ;%+ ;%#(:%1%'( (:% !#,6,/ .+8

 !"#$" %&'(')'  !"#!$ %&'($&" )*!"+,-! .&,(/$&,&, %&$. /!."+0+, 1!$+"$!-+0+

/!."!$ .232$24+ %&$. .232$24+-+"5

 !"#$% A(+ a, b ∈ R %-%'= c = (a+ b)/2 9( r = (b− a)/2 !#1,/ 03(+(

B(c, r) = (a, b) = {x ∈ R : a < x < b}

5%+8 <(1(/ /% )(+-(# (/&('%' >(+ ,-./ ,+,#.7.= &,# 1( +%7( )*+( ,-./ ;%+ 429,+

9( &,#  !"!#!$%4( )*+( 5( ,-./ ;%+ /01(5%+8

 !"#$" %&'('(' Rn(n ≥ 1) 6!7.8" 9*&'( )*!"+,-! .&,(/$&,&, p,m, sn /!.:
"+7$!"+ 1+"1+"$!"+,! -!,7.+"$!"5

 !"#$% Tp = Tm = Tsn !#5272'2 )*& (+1(/ %-%'= ;%+%&%'%'  ,;,'.', ,% 

!#,' ;%+ /01('%' * (/%'%'  ,;,'.', ,% ;%+ /01(4% /,"&,5.7.'. )*& (+1(/ 4(@

 (6(/ %+ B;/38 C'(+1( D8E8FG8 BEH8FIG= BEH8FJG 9( BEH8KLG  ,'.1#,1,#,+. /2#@

#,'.#.+&,= %& ('('#(+ ,:,7.5,/% /,"&,1,#,+5,' -./,+M

Bsn (x, r) ⊃ Bp

(

x,
r

2

)

⊃ Bsn

(

x,
r

4

)

9(

Bsn (x, r) ⊃ Bm

(

x,
r

2

)

⊃ Bsn

(

x,
r

4

)

R2
9(/ *+ 23,4.'5,= ;2'#,+.' )(!1( +%/ :(/%##(+% -%3%#%+&(= /,"&,1,#,+ /!#,46,

)*+0#(;%#%+8

 #!"* %&'('%' N(+-(# &,4.#,+ /01(&% 03(+%'5(

ν(x, y) =

∣

∣

∣

∣

x

1 + |x| −
y

1 + |y|

∣

∣

∣

∣

5%4(  ,'.1#. ν 1( +%7% %#( s(x, y) = |x− y| 5%4(  ,'.1#. s &,# 1( +%7% ;%+;%+@

#(+%'( 5('/ %+#(+8



 !  !"#$ %&' $()*+, -./0"/*

 !"#$% ν "#" R #$%&'"(% )'& *%+&', -.(/0/"/ )'.'1-&/$2 3 45.(% Ts =
Tν -.(/0/"/ 678+%&*%, 1%+%9%,+'&2 f(x) = x/(1 + |x|) (7"#:#*#"#"; 85.+

+-<-.-='1% 67&%; R (%" (−1,+1) 5&5.>0> #$%&'"% )'& %:15<> (7"#:#*# -.(/0/"/

678+%&*':+',2 ?'*(' )'& a ∈ R "-,+58> '.% )'& ǫ > 0 851>8> @%&'.8'"2 f A-",8'1-"/

a "-,+58>"(5 8#&%,.' -.(/0/"(5"

f [Bs(a, δ)] ⊂ Bs(f(a), ǫ)

-.595, )'B'*(% )'& δ > 0 851>8> @5&(>&2 C/&5(5"

|a− x| < δ ⇒ |f(a)− f(x)| < ǫ

⇒
∣

∣

∣

∣

a

1 + |a| −
x

1 + |x|

∣

∣

∣

∣

⇒ ν(a, x) < ǫ

B>,5&; 15"' 4%& Bν(a, ǫ) 5B>, 1/@5&>"5 ,5&:>.>,

Bs(a, δ) ⊂ Bν(a, ǫ) DEF2!GH

-.595, )'B'*(% )'& Bs(a, δ) 5B>, 1/@5&> @5&(>&2

I%&8'"% -.5&5, f−1 +%&8 A-",8'1-"/ (5 8#&%,.' -.(/0/"(5"; )'& Bs(a, r)
5B>, 1/@5&> @%&'.('0'"(%

f−1[Fs(f(a), q)] ⊂ Bs(a, r)

-.595, )'B'*(% )'& Bs(f(a), q) 5B>, 1/@5&> @5&(>&2 3 45.(%

|f(x)− f(a)| < q ⇒ |x− a| < r
∣

∣

∣

∣

x

1 + |x| −
a

1 + |a|

∣

∣

∣

∣

< |x− a| < r

-./&2 C/ '8%

ν(a, x) < q ⇒ s(a, x) < r

-.*58> (%*%,+'&; ,' )/&5(5"

Bν(a, q) ⊂ Bs(a, r) DEF2!FH

B>,5&2 DEF2!GH @% DEF2!FH )50>"+>.5&> )'$%; a "-,+58>">" Ts +-<-.-='8'"% 67&%

,-*:/./, 5'.%8'"'" Tν +-<-.-='8'"% 67&% ,-*:/./,.5& 5'.%8'"% %:'+ -.(/0/"/

871.%&2 J%& a ∈ R 'B'" )/ 7$%.', @5& -.(/0/"(5" Ts = Tν -.(/0/; 15"' s

*%+&'0' '.% ν *%+&'0'"'" (%", -.(/0/ -&+515 B>,5&2



 !"#" $%&'%( &)*)()+,  !"

 !"#$" %&'(')' (X, ρ)  !" #$%"!& '()* +,-'. /$  !" a ∈ X 01$-! !,$  !"

r > 0 -)*2-2 /$"!,-!.3 4' 5'"'#5)

D(a, r) = {x : d(a, r) ≤ r}

&6#$-! &)7),252"3

 !"#$% #$%$% &'&% D(a, r) ()*+,&%&% -)*.+/+%& 0.1% D′ = {x : ρ(a, x) >
r} ()*+,&%&% 1'2( 0.3$4$%$ 56,-+7+.&*8 y ∈ D′ &,+ ρ(a, y) > r 0.19142%31%

2ǫ = ρ(a, y)− r 3+7,+( ǫ > 0 0.191(-278 #$ 3$7$*31 Bρ(y, ǫ) ⊂ D′ 0.3$4$%:
31%; y 64+,& D′ ()*+,&%&% <&7 &' %0(-1,2 0.191(-278 =+7 y ∈ D′ &'&% 1/%2 &>

/1?2.1<&.+9+4&%+ 567+ D′ ()*+,& 1'2(-27@ 30.1/2,2/.1 D(a, r) ()*+,& (1?1.23278

#$ 6A+..&(-+% 30.1/2 D(a, r) ()*+,&%+ a *+7(+A.&; r /172'1?.2 &)7),2 *'/)"
85!-&9 3&/+9+4&A8

 #!"* %&'('+' R )A+7&%3+(& ,1.- 3+4+7 *+-7&4&%& 3)>)%+.&*8 =+7 a, b ∈ R

&'&% c = (a+ b)/2 B+ r = (b− a)/2 0.*1( )A+7+

D(c, r) = [a, b] = {x ∈ R : a ≤ x ≤ b}

0.$78 C+7'+. +(,+% )A+7&%3+(& <$ ()*+.+7+; (1?1.2 171.2( 3+%*+,&%&% %+3+%&

<$3$78

D&*3& 3+ *+-7+. -0?0.0E&.+73+ (0*>.$(.17 ,&,-+*&/.+ 1'2( /$B17.17 171,2%:

31(& &.&>(&/& &%9+.+/+.&*8

=+7 r > 0 &'&% x ∈ B(x, r) 0.3$4$ 3)>)%).)7,+; B(x, r) ()*+,&%&% Tρ -0:

?0.0E&,&%+ 567+; x %0(-1,2%2% 1'2( <&7 (0*>$.$4$ 0.3$4$ 567).)78 #$ %+3+%.+;

B(x, r), r > 0; /$B172%1 x %0(-1,2%2% r /172'1?.2 ):2& *'/)"-), &+#;','1'

3&/+9+4&A8

 !"#$" %&'(',' <$" x ∈ B(a, r) !:!. B(x, ǫ) ⊂ B(a, r) +,)=)&  !:!#5$  !"

ǫ > 0 -)*2-2 /)"52"3

 !"#$% #$ &> &'&% ǫ < r − ρ(a, x) 1.*1( /+-+9+(-&78 C+7'+(-+% z ∈ B(x, ǫ)
&,+; ρ(x, z) < ǫ 0.3$4$%31%;

d(a, z) ≤ ρ(a, x) + ρ(x, z) < ρ(a, x) + r − ρ(a, x) = r

'2(17 (& <$ z ∈ B(a, r) 0.*1,2 3+*+(-&78 #$; 1713242*2A >+/& B+7&78

 !"#$" %&'('-' T ∈ Tρ !-$> ?$" x ∈ T !:!. B(x, ǫ) ⊂ T +,)=)&  !:!#5$  !"

ǫ > 0 -)*2-2 /)"52"3



 !!  !"#$ %&' $()*+, -./0"/*

 !"#$% "#$% &'()*+)*,)- .+'/)- B )0+120 Tρ 314*1+ 4.5.+.6020 0#0- 70* 4)7)-

.+,'8'-) 9:*1; (1*0+1- x ∈ T :8120-0 0#1*1- (1 (1*0+1- T %<3120 4)*)=$-,)-

%)52)-)- 70* B(a, r) &'()*$ ()*,$*>
"*4$% 7' &'()*); :-?1%0 :-1*31&0 '&9'+)*2)%; B(x, ǫ) ⊂ B(a, r) ⊂ T

.+)?)% /1%0+,1 70* B(x, ǫ) )#$% &'()*$-$- ()*+$8$ 2:&+1-170+0*>

 !"#!$ %&'('('  !" #$%"!& '()*+)&! ,!" -.$/!/ *'0)"1)2 &3#4'2'&2)"5/+)/

32'4)/ )!2$6 3 -.$/!/ ,!" *$"$2 %),)/5+5"7

 !"#$% (X, ρ) 314*0% '@)&$-,)%0 70* x :8120-0- Td 4.5.+.6020-1 9:*1 %.3A

/'+'%+)*$ )0+120-1 B(x) ,0&1+03> V ∈ B(x) 021; %.3/'+'% 4)-$3$ '&)*$-?);

x ∈ T ⊂ V .+)?)% /1%0+,1 70* T ∈ Tρ ()*.+)?)%4$*> B'-) &'%)*$,)%0 :-1*A

31&0 '&9'+)*2)%; x ∈ B(x, ǫ) ⊂ T ⊂ V :@1+080-0 2)8+)&)- 70* B(x, ǫ) )#$%

&'()*$-$- ()*+$8$ .*4)&) #$%)*> B' :@1+0%; 41.*130- 025)4$-$ (1*0*>

)"*+, %&'('%' (X, ρ) ,!" #$%"!& '()* 321'/ 0$ ,!" A ⊂ X )2%8&9#$1! 0$"!21!/7

A &9#$1!/!/ Tρ #$%"$2 %3:323;!1!/$ <-"$ )=5& 32#)15 !=!/ <$"$&2! 0$ *$%$"2!

&34'26 >$" a ∈ A -.$1!/!/ A &9#$1! %)")?5/+)/ &):1)/)/ )=5& *'0)"1)2 ,!"

&3#4'2'.'/'/ 0)"32#)15+5"7

 !"#$%

@$"$&2!.!A  !"#$" CD>E>F ,1- #$%)*>

B$%$"2!.!A G81* H1* a ∈ A 0#0- B(a, ǫ(a)) ⊂ A .+)?)% /1%0+,1 70* B(a, ǫ(a))
)#$% &'()*$ ()*2)

A = ∪a∈AB(a, ǫ(a))

.+'* (1 ,1 )#$% %<31+1*0- 70* 70+1/030-1 1/04 .+,'8'-,)- A ∈ Tρ #$%)*>

)"*+, %&'('-' C$%"$2 %3:323;!2$"  !"!/D! E)*52),!2#$ F&1!*3#'/' 1).2)"7

 !"#$% (X,Tρ '@)&$-,) H1* H)-90 70* x :8120-0- 2)&$+)70+0* 70* %.3/'+'%+)*

4)7)-$ .+,'8'-' 9:241*31% &141?1%40*> I1* r > 0 2)&$2$-) %)*/$+$% (1/n) < r
.+)?)% 70#03,1 70* n ,.8)+ 2)&$2$ 7'+'-)70+0*> J.+)&$2$&+)

B(x, 1/n) ⊂ B(x, r)

.+)?)%4$*> B'*),)-

{B(x, 1/n) : n ∈ N}
)0+120-0- x -.%4)2$-$- 70* &1*1+ 4)7)-$ .+,'8' #$%)*>



 !"#" $%&'%( &)*)()+,  !"

 !"#$ %&'('(' #$%&$' ()*+')% ,-$%./0$1. ()'2 2343'35. 6.% 7$2%$' 2343'35. 3'8

09:9/0)/ ;.%./<. =)*+')6.'7$ >1(.*379/9 ():')%? @)A) B$/$' 3')%)1 Rn (n ≥
1) ,-$%./0$1. ()'2 2343'35. ;.%./<. =)*+')6.'7$ >1(.*379/9 ():')%?

 "#!)# %&'('&'  !"#$%&'$'" ()*")$ +,%!$%" -.'/0' 1%!#$%&'$()  .2'!3(+/+

2%4$%"$%"5

 !"#$% (X,Tρ) 7$2%$' 9-)*+ )*%+')6.'.% .($ X 1,7$(././ ()*+')6.'.% *3:9/

6.% )'2 1,7$(. C)%0+%? ;9 1,7$*$ S 0.*$'.7? =3/%) 7$%1$-'$%. S *$ ).2 6.%

D:$ C$ *)%+&)4')%+ 6.% %)(*3/$' ()*+*) $E.2 3')/ *9C)%')%+/ 3'9E29%09:9 ).'$*$

B 0.*$'.7F *)/.

B = {S(a, q) : a ∈ S, q ∈ Q}
3'(9/? ;9 ).'$/./ ()*+')6.'.% 3'09:9 )4)&+12+%? @3')*+(+*')G 69 ).'$/./ Tρ 23438

'35.(. .&./ 6.% 2)6)/ 3'09:9/9 BD(2$%$6.'.%($1G .(4)2 6.2$<$12.%? ;9/9/ .&./ A$%

A)/B. 6.% Tρ )&+1 1,7$(././ B∗
).'$(./$ ).2 3'09:9/9 BD(2$%7$1 *$2$<$12.%?

H)6)/ 2)/+7+ 9*)%+/<) A$% x ∈ T .&./ x ∈ B(a, q) ⊂ T 3')<)1 6.&.70$ 6.%

B(a, q) ∈ B )&+1 *9C)%+/+/ C)%'+:+/+ BD(2$%7$'.*.-?

 !"#$" IJ?K?L 9*)%+/<) B(x, r) ⊂ T 3')<)1 6.&.70$ 6.% B(x, r) )&+1 *9C)%+

C)%0+%? #$%$1.%($ 6.%)- 0)A) 1,&,'2$%$1G 69 *9C)%+/ r *)%+&)4+/+/ %)(*3/$'

6.% ()*+ 3'09:9/9 C)%()*)'+7? B 1,7$(. *3:9/ 3'09:9/0)/G S *$ ).2 6.% a ∈
B(x, r/3) D:$(. ($&.'$6.'.%? M.70. %)(*3/$' 6.% q ()*+(+/+ r/3 < q < 2r/3 3')<)1

6.&.70$ ($&$%($1G

x ∈ B(a, q) ⊂ B(x, r) ⊂ T

3'9% C$ .(4)2 6.2$%?

*+,!- %&'('%' ;)-+ 7$2%.1 9-)*')%0) D(a, r) 1)4)'+ *9C)%+ B(a, r) )&+1 *9C)8

%+/+ 1)4()*)/ $/ 1,&,1 1)4)'+ 1,7$0.%? ;)E1) 6.% 0$*.E'$G B(a, r) 1,7$(././

1)4')7+G 6)-+ 9-)*')%0)G D(a, r) 1,7$(./$ $E.22.%? >/<)1G 69 D-$'.1 B$/$' 3')8

%)1 03:%9 0$:.'0.%?

 !"#" $%&'()*()%

I? (X, ρ) 6.% 7$2%.1 9-)* 3'(9/? N$% (x, y) ∈ X×X .&./ δ(x, y) = inf{1, ρ(x, y)}
0.*$'.7? ;9 09%970) ρ .'$ δ 7$2%.1'$%././ 0$/1 3'09:9/9F *)/. Tρ = Tδ

3'09:9/9 BD(2$%./.-?

 ? ρ .'$ δ 6.% X 1,7$(. ,-$%./0$ 2)/+7'+ .1. 7$2%.1 3'(9/? O:$% A$% (x, y) ∈
X ×X .&./

aδ(x, y) ≤ ρ(x, y) ≤ bδ(x, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%&'%()%*)#+% ',-),.,/,* 0%1%23# 45(%&%6 a 7# b ',89),+9 7,+',: ρ %)# δ .9.

3#.* 5)3;-;.; <='&#+%.%(>

?>  !"#$ @A> >@ &#*% δ 2#&+%-%.%X 8#+%.# R2
*58,+,* 3B$B.B.B(> C,$),.<91

2#+*#()% ,19* 7# *,4,)9 0%+%2 8;7,+),+9 0;);.;(> D19* 0%+%2 8;7,+9.

*,4),29 *,4,)9 0%+%2 8;7,+, #$%& 2%3%+E C%+%2 8;7,+9. *#.,+ *B2#'%

.#3%+E

!> (a, b) ,19* ,+,)9-9.9. *,4),29.9. F,:0G *,4,)9 ,+,)9-9 5)3;-;.; <='&#+%.%(>

H,I, <#.#) 5),+,*: Rn
8, 3, Cn

;(,8),+9.3,: J*)%3 2#&+%-%.# <=+#

B(a, r) ,19* 8;7,+),+9.9. *,4),2),+9.9. D(a, r) *,4,)9 8;7,+),+9 5)3;K

-;.; <='&#+%.%(>

L>  !"#$ @A> >@ &#*% δ 2#&+%-%.%. X *B2#'% B(#+%.3# &,.92),39-9 2#&+%*

&545)5M%'%.%. ,8+9* &545)5M% 5)3;-;.; <='&#+%.%(>

"> J./#*% 0=)B23# &,.92),.,. δ, p,m 7# sn 2#&+%*)#+%.% R2
B(#+%.3# 3BK

$B.B.B(> N#+*#()#+% 3B()#23# 0 = (0, 0) .5*&,'9 7# 8,+91,4),+9 r = 1
5),. ,19* 8;7,+),+9: I#+0%+%'% %1%.,8+9 ,8+9 1%(%.%(>

 !"# $%&$'($) *+,-),(

 !"#$ %&'('%' (X, ρ) %)# (Y, µ) 2#&+%*%2'% %*% ;(,8 5)';. 7# 0%+ f : X → Y
0%+#K0%+K%1%.# 65.*'%85.; 7#+%)'%.> O-#+ f 65.*'%85.; ;(,*)9*),+9 *5+;85+',:

8,.% I#+ x, y ∈ X %1%.

ρ(x, y) = µ(f(x), f(y))

#$%&)%-% ',-),.985+',: f 8#  !" #$ % &'()" #$'*+ 0%+ 3=.B$B23B+ 7# f 3=.BK

$B2B (X, ρ) ;(,89.9 (Y, µ) ;(,89 %1%.# <=2B85+ 3#.%+> C=8)# 0%+ 3=.B$B2

7,+', (X, ρ) ;(,89 (Y, µ) %1%.# <=2B)#0%)%+ 7# (X, ρ) ;(,89 %)# (f(X), µ) ,)&K

;(,89 #$2#&+#) #$8,49)939+ 3#.%+> C; 3;+;23, X ;(,89.9. f ,)&9.3,*% +#'2%

5),. f(X) ,)&K;(,89., 3, <=2B 3%8#/#-%(> O-#+ f 3=.B$B2B 0%+#K0%+K=+&#.

%'# (X, ρ) %)# (Y, µ) ;(,8),+9  !" #$ %  !,-./%/ %*% 2#&+%* ;(,8 5);+>

)*"+, %&'('%' ℓ2 3%(%)#+ ;(,89 %)# L
2
65.*'%85.),+ ;(,89  !" #$ %  !,-./%/0/$>

P#+1#*&#. *),'%* Q5;+%#+ D.,)%(%.3#. 0%)%.3%-% <%0% L2
;(,89., ,%& I#+ f

65.*'%85.;.;. c = (cn) Q5;+%#+ *,&',89),+9 3%(%'% ℓ2 3%(% ;(,89., ,%&&%+> R#+'%.#

5),+,*: ℓ2 ;(,89., ,%& I#+ c = (cn) 3%(%'% L
2
;(,89.3,*% 0%+ f 65.*'%85.;.;.



 !"#" $%&$'($) *+,-),(  !"

#$%&'(& )*+,*-./*&. $/%&0 12-/(3(4 f → c 52678797 L2
5(6 ℓ2 %:*-.6* ;'&(<

;'&<2&+(6 ;'& 5267879 $/%&0 =-&.3* ;% ;'>'95( (8/(65')/(&'65(

(
∫

|f(x)|2dx
)

1

2

= ‖f‖ = ‖c‖ =
(

∑

n∈N

|cn|2
)

1

2

?*&,(@*/ (8'+/'A' ,*A/*69*)+*5.& B CD4 B ED0 1%&*5*6 ;% ')' %:*-.6 (89(+&(/

(8-*F./. $/5%A% >.)*&0

 !"#$" %&'('%'  !"#$%#& '()*!*" +,-.&/.&-%/ .0%+%1 234- '#). "#$%5.&#%

+,-.&/.&-%/ .0%+"-3-65&5%&#%1 70&-3/4/3&-8 '#). 5.5 "#$%595) #!"#$%#& 0&"-4/

:#%#."#,1

1%6%6 ',F*+.6. *8*A.5*)' 2&6()/(&/( *>.)/*-*3*A.:0

 #!") %&'('*' Rn (n ≥ 1) G)/'+ %:*-.65*6 )(65','6( +*6.9/*6*6

f : x→ x+ c, (c ∈ Rn, ,*;'+) HI"0!JK

($#&#"# '()*!*"*4 G)/'+ 9(+&'A'6( L2&( (89(+&(/ ;'& 526787957&0

M(&>()+(64 HI"0CNK %-*&.63*

sn(f(x), f(y)) = ‖f(x)− f(y)‖
= ‖(x+ c)− (y + c)‖
= ‖x− y‖
= sn(x, y)

$/%&0 O$/*-.,.-/* f 52678797 Rn
'>'65( G)/'+ %:*)/.)/*&.6. )$&%9*)+*5.&0

 #!") %&'('+' Rn (n ≥ 1) G)/'+ %:*-.65*6 )(65','6( +*6.9/*6*6

f : x→ ax, (a ∈ R, ,*;'+) HI"0!PK

;$-/*9* 526787974 a 6= 1 ',(4 G)/'+ 9(+&'A'6( L2&( (89(+&(/ ;'& 5267879

5(A'/5'&0

 !"#$%

sn(f(x), f(y)) = ‖ax− ay‖
= |a| ‖x− y‖
= asn(x, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%&' a 6= 1 #$(%)%*(+ f *,* %-+.$/.$+&/ .#&%0+(/)/ #&1+2+ 3/.+&' 415 2+*6

(+*7  !"#$%$ &'()*)%)()( 8,& 1#9#$#:,. 5;2+9/ &5<0, #$(%)%*% 8,$,2#&%-'

=505. ., 8,& +!,!#!-./ 0*"$,1 &'()*)%) 8,& 5;051&5$ 5;2+9/ (>*?;?0? #$0+.

-#&%*(+ (5),$(,&' @0+ 8%*%* 15&<, A5& -+0+* (#)&%(%&B 2+*, A5& 5;051&5$

5;2+9/ (>*?;?0? 8,& 1#9#$#:,. 5;2+9/ (>*?;?0?(?&'

 !"#" $%&'()*()%

C' p,m, sn 051&,.$5&, </&+</2$+ DCE' "F7 DCE' GF H5 DCE'IJF 8+)/*1/$+&/ ,$5 1+6

*/0$/ 051&,.$5& #$0+. ?-5&5 (Rn, p), (Rn,m), (Rn, sn) %-+2$+&/ 5;051&,.

(5),$(,&$5&7 +0+ 051&,.$5& (5*.1,&' K><15&,*,-'

 ' L#; #$0+2+* 8,& X .?05<, ?-5&,*(5

δ(x, y) =

{

1, x 6= y

0, x = y

σ(x, y) =

{

2, x 6= y

0, x = y

051&,.$5&, H5&,$<,*' x 6= y ,3,* δ(x, y) = 1 H5 σ(x, y) = 2 #$(%)%*(+*

(X, δ) %-+2/ ,$5 (X, σ) %-+2/ 5;051&,. 5;2+9/$/ (5),$(,&$5&' @0+ 1#9#$#:,.

5;2+9/$/(/&$+&' M?*.? δ H5 σ 051&,.$5&,*,* A5& ,.,<, (5 X ?-5&,*5 $"21/

+!,!#!-.". .#2+&'

 !"# $%&%'(%(%)

 !"#$ %&'('%' (X, ρ) 8,& 051&,. %-+2 H5 A 8% %-+2/* 8#; #$0+2+* 8,& +$16

.?05<, #$<%*'

ρ(A) = sup{ρ(x, y) : x, y ∈ A} DCE'NJF

<+2/</*+ A .?05<,*,* 3$,1 (5*,$,&' M+9/ <#*$% #$+* .?05$5&5 41(12#1 /)%0#027

3+9/ <#*<%- #$+* .?05$5&5 (5 41(12415 /)%0#02 (5*,$,&'

L,& .?05*,* 3+9/*/* </O/& #$0+</ ,3,* 15. >)5$, 8,& .?05 #$0+</ 2515&$,(,&'

4.$,( 051&,),*5 P>&5 P5&35$ 5.<5*,* A5& <#*$% +&+$/)/ </*/&$/ 8,& .?05(,&'

R2
(?-$50,*(5., A5& (#)&% </*/&</- 8,& .?05(,&'



 !"#" $%&%'(%(%)  !"

 !"#$ %&'(')' A #$% B &'(%$%)# (X, ρ) (%*)#& +,-./0/0 123 2$(-.-0 #&# -$*

&'(%4# 2$4+05 A #$% B &'(%$%)# -)-4/06-&#  !"#$%#

ρ(A,B) = inf{ρ(x, y) : x ∈ A, y ∈ B} 7895:8;

4-./4/6/)5 <,%$ 2$-)-&= 1#) w >?%4#0#0 1#) A &'(%4#0% +,-&$/?/

ρ(w,A) = inf{ρ(w, x) : x ∈ A} 7895: ;

4-./4/6/)5 @+)-6-0= #&# &'(% -)-4/06-&# +,-&$/?/0

ρ(A,B) = inf{ρ(a,B) : a ∈ A} 7895:A;

2$6+?+ .-,/$-1#$#)5

a ∈ A #4% ρ(a,A) = 0 2$-B-?/ -C-D/&*/)5 E(- ρ(a,A) = 0 2$(-4/ a ∈ A
2$(-4/0/ F%)%&*#)(%,5 <)0%?#0= F%)D%$ 4-./$-) ',%)#06%&# 4-$* 6%?%) (%*)#?#0%

F>)% 0 G% 1 02&*-$-)/0/0 A = (0, 1) &'(%4#0% 2$-0 +,-&$/&$-)/ 4/H/)- %3#**#)=

-(- I%) #&#4# 6% A &'(%4#0% -#* 6%?#$6#)5

@#) 02&*-0/0 1#) &'(%.% +,-&$/?/0/0 4/H/) 2$(-4/ -3-?/6-&# >0%)(%.$% 1%J

$#)F#0$%3#)5

*"+,$+ %&'('%' ρ(a,A) = 0 &$'"(% )*)+ ,-.-#$) /- 0-1-.$) #&2 $ a ∈ Ā
&$'"(%3%.4

 !"#$% ρ(a,A) = 0 2$(-4/ I%) r > 0 #D#0 B(a, r) -D/& .+G-)/0/0 A #$%

&%4#3(%4#0%= &# 1+ 6- a ∈ Ā 2$(-4/0- 6%0&*#)5

A ∩ B 6= ∅ #4% ρ(A,B) = 0 2$-B-?/ -D/&*/)5 E(- 1+0+0 &-)3/*/ 62?)+

6%?#$6#)5 K-0# #&# &'(% -)-4/06-&# +,-&$/& 4/H/) #4% 1+ &'(%$%) &%4#3(%& ,2J

)+06- 6%?#$6#)5 <)0%?#0= F%)D%$ %&4%0 ',%)#06%&# 4-$* 6%?%) (%*)#?#0% F>)%

A = (0, 1) &'(%4# #$% B = [1, 2] &'(%4# -)-4/06-&# +,-&$/& 4/H/)- %3#**#)L -(-

A #$% B &'(%$%)# &%4#3(%,5

*"+,$+ %&'(')' 5%+%.$% )#) #6'-+)+ 7)$-2)') 3- (%+%.$%3%.4

 !"#$% x, y ∈ A∪B 2$4+05 M?%) x, y ∈ A #4% ρ(x, y) ≤ ρ(A)L %?%) x, y ∈ B
#4% ρ(x, y) ≤ ρ(B) 2$-B-&*/)5 M?%) x ∈ A G% y ∈ B #4%= 4-1#* a ∈ A G% b ∈ B
>?%$%)#0# )-4F%$% 4%D%$#(5 NDF%0 %3#*4#,$#?#06%0

ρ(x, y) ≤ ρ(x, a) + ρ(a, b) + ρ(b, y)



 !"  !"#$ %&' $()*+, -./0"/*

#$%$&'(')'%* +' &,)$-$.

ρ(A ∪ B) ≤ ρ(a, b) + ρ(A) + ρ(B)

/0+$)1 2, 34'56'%('+ 73) a ∈ A 83 73) b ∈ B '/'. 93/3)(' :(-,;,.-$.

ρ(A ∪B) ≤ ρ(A,B) + ρ(A) + ρ(B)

:(,)1

 !"#$ %&'('%'  !"!#$! %&# '()*+ )*#'*,& #-./*$* .*0&$*" %&# 123-# 4-#-5!"6-"

'-7.-"!#8

 !"#$% A 60.0)(0 &') +<=3 :(6,. 83 +3#> 63/'(3. &') x0 ∈ X .:+5$60 83)'(6'.1

2, .:+5$#0 B +<=36' #3)'.3 +:#$)6$+* ?.@3+' ?.3)=3-3.* 73) x ∈ A '/'.

ρ(x0, x) ≤ ρ(x0, A) + ρ(A)

/0+$)1 2,)$-$. x0 =3)+3%(' 83 r = ρ(x0, A) + ρ(A) #$)0/$A(0 /3=&3)'. A
+<=36'.' +$A6$-0;0 9?)<(<)1

)*"+, %&'('-' B;3) &') a ∈ A '(3 &') b ∈ B '/'. ρ(a, b) = ρ(A,B) :(,#:)6$*
a '(3 b ?;3(3)'.3 A '(3 B +<=3(3)'.'. &')&')(3)'.3 *" 1-'!" '+' .:+5$60 -3.'(')1

C+' +<=3.'. &')&')(3)'.3 3. #$+0. .:+5$($)0 :(=$#$&'(')1

./"01 %&'('%' R <%3)'.-3+' 6$(5 =35)';3 9?)3 A = {1/n : n ∈ N} $(5 +<=36'

'(3 B = {0} +<=36'.'. &')&')(3)'.3 3. #$+0. .:+5$($)0 #:+5,)1 D<.+< '+' +<=3

$)$60.-$+' ,%$+(0+ ρ(A, {0}) = 0 :(-,;, 7$(-3* 73) n '/'. ρ( 1
n
, 0) > 0 -0)1

)*"+, %&'('2' (X, ρ) &') =35)'+ ,%$# 83 A ⊂ X :(6,.1 A .0. &') ?)5<6<.3

$'5 +<=3(3)'. 73)&')'6'.'. /$A0 &') ǫ 6$#060.-$. +</<+ +$(0#:)6$* &, ?)5<#3 A
.0. &') ǫ9:#4(.(6(# -3.'(')1

B;3) 73) ǫ > 0 6$#060.$ +$)40(0+ 6:.(, &') ǫE?)5<6< 8$)6$* A +<=36'.3

4()(1$* .!"!#$!6!# -'#3@3;'%1 F<=<#(3 60.0)(0 :($. +<=3(3)'. 60.0)(0 :(-,;,

+:($#@$ 9?)<(3&'(')1 G3)/3+53. A 5<=<#(3 60.0)(0 &') +<=3 '63* 73) 7$.9' &')

ǫ > 0 6$#060.$ +$)40(0+* A .0.

{Ai : i = 1, 2, ..., n}

9'&' 6:.(, &') ǫE?)5<6< :($@$+50)1 H3) i '/'. Ai +<=36'.-3. &') ai ?;36' 63/3('=1

α = max{ρ(ai, ak) : i, k = 1, 2, . . . , n)}



 !"#" $%&%'(%(%)  !"

#$%&'( )*+ x, y ∈ A ,-,'. i ,$* k +/%0*$* %*-,$1*2 34*+*.

ρ(x, y) ≤ ρ(x, ai) + ρ(ai, ak) + ρ(ak, y) ≤ α + 2ǫ

#$&+( 5&+/6/' ρ(A) -/78'8' %8'8+$8 #$6&9& -82/+(

5& :4*$$,9,' 2/+;8<8 6#9+& 6*9,$6,+= >/', %8'8+$8 ?,+ 231* <313>$* %8'8+$8

#$1/>/?,$,+( @+'*9,' l2A&4/>8'6/. >/$'84B/ i A,'B, <*+,1, 1 C* :<*2, <*+,1$*+,

%8D8+ #$/'

ei = (0, 0, . . . , 0, 1, 0, . . .)

6,4,$*+,'6*' #$&;/' E = {ei : i = 1, 2, . . .} 231*%, %8'8+$868+( E3'23 F*+ F/'0,

,2, :9*%, /+/%8'6/2, &4/2$82

√
2 6,+( G1/ ?& 231* <313>$* %8'8+$8 6*9,$6,+(

H,+/ ǫ %/>8%8 #$/+/2

√
2 6*' 23-32 ?,+%/>8 %*-,$6,9,'6*. E 231*%,',' ?,+ ǫA

:+<3%3 >#2<&+(

 !"#" $%&'()*()%

"( R2
34*+,'6*2, @2$,< 1*<+,9,'* 0:+* xy = 1 F,7*+?#$3 ,$* y = 0 6#9+&%&

2*%,;1*>*' 2/7/$8 ,2, /$< 231*6,+( )*+ ,2, 231* %8'8+%8468+ C* /+/$/+8'A

6/2, &4/2$82 %8D8+/ *;,<<,+( I:%<*+,',4(

 ( J/$< 1*<+,9* 0:+* R &4/>8'6/ N 6#9/$ %/>8$/+ 231*%, ,$*

{

(n+ 1
n
) : n ∈ N

}

6,4,%,',' :9*$*+,'6*' #$&;/' A 231*%, C*+,$,>#+( 5& 231*$*+ 2/7/$8 18A

68+K 5& 231*$*+ 2*%,;,+ 1,K 5& 231*$*+ %8'8+$8 1868+K 5& 231*$*+ /+/A

%8'6/2, &4/2$82 '*6,+K

L( 5,+ 1*<+,2 &4/>6/2, %#'$& F*+ 231*',' %8'8+$8 #$6&9&'& 0:%<*+,',4(

M( 5,+ 1*<+,2 &4/>8' F*+ A /$< 231*%, ,-,' ρ(A) = ρ(Ā) #$6&9&'& 0:%<*A

+,',4(



 !  !"#$ %&' $()*+, -./0"/*

 !"# $%&'%( )%*+,-.-.,

(X, ρ) "#$ (Y, σ) "%" &$'("% )*+, -#.)/ 0$ 1"( f : X → Y 2-/%.",-/) 0$("#."/3

4+/5& ),+(5/6+7 f 2-/%.",-/)/)/ 1"( x0 /-%'+.5/8+ .9($%#" -#&+.5 ":"/7 f(x0)
;<$."/"/ =$( Bσ(f(x0), ǫ) %-&>)#)<)/+ %+(>5#5%7

f(Bρ(x0, δ)) ⊂ Bσf(x0, ǫ)

-#+6+% 1":"&8$7 x0 /-%'+.5/5/ 1"( Bρ(x0, δ) %-&>)#)<)/)/ -#&+.5 ?$($%#" 0$

,$'$(#"8"(3 @+>%+ 1"( 8$,">#$A

 !"#$ %&'('%' f : X → Y 2-/%.",-/)/)/ x0 /-%'+.5/8+ .9($%#" -#&+.5 ":"/

?$($%#" 0$ ,$'$(#" %->)#7 =$( ǫ > 0 .+,5.5/+ %+(>5#5%

ρ(x0, x) < δ ⇒ p(f(x0), f(x)) < ǫ

-#+6+% 1":"&8$7 ,+#/5* 0$("#$/ x0 /-%'+.5/+ 0$ ǫ .+,5.5/+ 1+<#5 -#+/7 1"( δ > 0
.+,5.5/5/ 0+( -#&+.585(3

B$'("% '-C-#-D"#$("/  !"!#$! %&'()&*!)+, -./!'0+1#1 .+<#+85%#+(5/5 1"#"E

,-()*3 F,#$,.$7 4$-($& GG3 3 ),+(5/6+ +>+<58+%" ;*$#"<" .;,#$,$1"#"("*3

 )*+)$ %&'('%' f : X → Y 20#./!'0#1#1# x0 #0.3&/(#4& /5",.)! 0)+&/(
!6!# 7,",.)! 8, ',3,")! .091): ;," (xn) 4!<!/! !6!#:

xn → x0 ⇒ f(xn)→ f(x0) HGI3!JK

0)+&/(4("=

@) ;*$##"<" =$( /-%'+8+ 89>9/9(.$%7 '&'7(# >7)0*&)? /5",.)!)!. ":"/ >) '$E

-($&" .;,#$,$1"#"("*3

 )*+)$ %&'(',' f : X → Y 20#./!'0#1#1# /5",.)! 0)+&/( !6!# 7,",.)! 8,

',3,")! .091): ;," xn 4!<!/! !6!#:

xn → x⇒ f(xn)→ f(x)

0)+&/(4("=

 !"#$ %&'(',' (X, ρ) "#$ (Y, σ) "%" &$'("% )*+, -#.)/ 0$ 1"( f : X → Y
2-/%.",-/) 0$("#."/3 L<$( =$( ǫ > 0 .+,5.5/+ %+(>5#5%

ρ(x, y) < δ ⇒ p(f(x), f(y)) < ǫ



 !"#" $%&'%( )%*+,-.-.,  !"

#$%&%' ()*)+,-. /%$012 3-4)$-0 ǫ 5%/1510% (%6$1. ()4 δ > 0 5%/151 3%45%. f 7#0'8

5)/#090%  !"#!$ %!&'()* *& . ,-0)$)4:

;<2=<0 5<4-'$)$)' )$- 5<4-'$)$)' >%01+$%41 ()4()4$-4)0,-0 %/41,14: ?)4)0&)

7%4' +->4)' 92%/$%4,% (-$)4-0 7%4'>14 @ A<4-'$)$)' >%01+10,%. 3-4)$-0 ǫ 5%/1510%
'%4B1$1' 3%4$161 5C/$-0-0 δ 5%/151 D-+ ǫ 5%/1510% D-+ ,- x0 0#'>%510% (%6$18

,14: ?%B'% ()4 ,-/)B$-. ǫ 5%/151 5%()> '%$5% ()$-. x0 0#'>%51 ,-6)B)0&- δ 5%/151

,% ,-6)B-()$)4: ;<2=<0 5<4-'$)$)'>- )5-. δ 5%/151 0#'>%/% (%6$1 ,-6)$,)4: E')0&)

%/41$1' )5-. ,<2=<0 5<4-'$)$)6)0 D-4 D%0=) ()4 >#F#$#G)' 92%/ <2-4)0,- >%01+8

$%0%+%+%51,14: H<0'< (94%,%') F#2)>)7 ǫ, δ 5%/1$%41 )$- 3-4)$-0 '#+B9$9'$%4

D-4 D%0=) ()4 >#F#$#G)' 92%/,% 3-4)$-+-2: I0&%'. ,<2=<0 5<4-'$)$)' '%34%+1.

+->4)' 92%/$%4,%0 ,%D% =-0-$ #$%0 +!"#!$ ,-./)-& <2-4)0- =-0-$$-B>)4)$)4:JKL

 !"#!$ %&'(')' (X, ρ) 0*& 1'2&*( 3"-4 5' ∅ 6= A ⊂ X 6)%3$7 X  '$ R 4'

2-$/1)-$-$ x→ ρ(x,A) 86$(%*46$3  !"#!$ %!&'()* *&7

 !"#$% M%5=-$- x, y ∈ X C6-$-4) 3-4)$5)0: N-4 ǫ > 0 5%/1510% '4B1$1' C/$-

()4 z ∈ A C6-5) 3%4,14 ')

ρ(y, z) ≤ ρ(y, A) + ǫ

#$94. ') (94%,%0

ρ(x, z) ≤ ρ(x, y) + ρ(y, z) ≤ ρ(x, y) + ρ(y, A) + ǫ

-B)>5)2$)6) *1'%41$%()$)4: O>- /%0,%0 ρ(x,A) ≤ ρ(x, z) #$,969 ,<B<0<$<45-

ρ(x,A) ≤ ρ(x, y) + ρ(y, A) + ǫ

#$94: ?9 -B)>5)2$)' D-4 ǫ > 0 5%/151 )*)0 3%4#$,9690,%0. ǫ→ 0 )'-0 ,- =-*-4$)8

,)4P /%0)

ρ(x,A)− ρ(y, A) ≤ ρ(x, y)

#$94: ?-02-4 -B)>5)2$)6). x )$- y 0)0 /-4$-4)0) ,-6)B>)4-4-' ,- -$,- -,-()$-&-6)8

+)2,-0

|ρ(x,A)− ρ(y, A)| ≤ ρ(x, y)

5#09&9 *1'%4: ?9. %4%,161+12 ,<2=<0 5<4-'$)$)'>)4:

?9 >-#4-+,- A '<+-5) /-4)0- >-' C6-$) {y} '<+-5)0) '#/%45%' B9 5#09&9

-$,- -,-4)2@

*"+,- %&'('%' (X, ρ) 1'2&*( 3"-4/$ -$ #'&9') %-4/)-&- 2-$/1)/ 6)-$ x →
ρ(x, y) 86$(%*46$3: ;'& %-0*2 y *9*$:  !"#!$ %!&'()* *&7



 !"  !"#$ %&' $()*+, -./0"/*

 !"#!$ %&'(')'  !" #!$"%& '()* +,"#)- .%" $,/,-,0%& '()*12"3

 !"#$% (X, ρ) #$% &'(%$) *+,- ./0*1 2' #*1*1 )'0$3&'-'14 ),5,/6 $)$ ,/(

)7&'0$ A 2' B ./0*18 9./,-:, ;<%7/=7>7 7+'%'

f(x) =
ρ(x,A)

ρ(x,A) + ρ(x,B)

?.1)0$-.1* @%-0.A1 B)0$-.&*1* 0,>/,% C#)+8 @%-0.A1 D'.%'&$ E"8F8EG8

 !"#" $%&'()*()%

E8 B3,>6=,)$ ?.1)0$-.1/,%=,1 A,1;$/'%$ (0, 1) ,%,/6>6 7+'%$1=' =7+;71 07H

%')/$=$%I

f(x) = x,

f(x) = x3

f(x) = sin x

f(x) = sin
1

x

f(x) =
1

1− x

f(x) =
1

2− x

 8 J7+;71 07%')/$ A'% ?.1)0$-.1*1 07%')/$ ./=*>*1* ;<0('%$1$+8

K8 J7+;71 07%')/$ $)$ ?.1)0$-.1*1 #$/'3)'0$1$1 =' =7+;71 07%')/$ ./=*>*1*

;<0('%$1$+8

"8 L7%')/$ ./&,-,1 #$% ?.1)0$-.1*1 #$% ,/(H*+,-, )606(/,1&636 07%')/$ ./,H

#$/$%8 M%1'>$14 R ='1 R -'

f(x) =

{

0, x %,0-.1'/

1, x $%%,0-.1'/

=$-' (,16&/,1,1 4%"%56-!$ 7,+&8%*,+' 07%')/$ ='>$/=$%8 B&, #*1*1 Q

%,0-.1'/ 0,-6/,% )7&'0$1' )606(/,&,06 07%')/$=$%8 N'='1I



 !"!" #$%$&#'( )' *+,*-. /$0$#'($  !!

 !"! #$%$&#'( )*

+,-+./ 0$1$#'($

"#$ %&'&(&)#* +,-./-*# (xn) /#,#0#1#1 .-*210-* &(3-0212 %-123(-324%2*5 "+ *67

0#3/6 36%$#* +,-.(-$/-*# /#,#(6$#1 .-*210-*(28212 #196(6.6968#,5  !"#!$ :;5<5<

+.-$219-= {Bρ(x, r), r > 0} -#(60# x 1&*%-02121 >#$ .6$6( %->-12 &(/+8+1/-1=

?>*,5  %&'$ ::5:5 = (X,Tρ) 36%$#* +,-.21/- 4+1- /61* &(-9-*%2$@

 !"#!$ %&'&'%' (X, ρ)  !"#$% &'()*+,(%$ (xn) ,$'$-$+$+ x +.%"(-*+( )(%*+/
 (-* $0$+ 1!#!%2$ 3! )!"!#2$ %.4&25 6!# ǫ > 0 -()*-*+( %(#4*2*%

n ≥ n0 ⇒ ρ(xn, x) < ǫ

.2(7(% 8$0$ ,! 8$# n0 ,.9(2 -()*-*+*+ 3(# .2 (-*,*#:

(xn) /#,#0#1#1 x 1&*%-021- .-*210-/28212= *20-9-=

xn →x

lim
n→∞

ρ(xn, x) = 0

AB0%6$#3(6$#1/61 >#$#0#.(6 >6(#$%6968#, C6 x 1&*%-021- (xn) ,$'$-$+$+ 2$ $"$ = /#7
.6968#,5 D6%$#* +,-.(-$ E-+0/&$F -.2$3- -*0#.&3+1+ 0-8(-/2821/-1=  !"#!$

:G5<5: +.-$219- H6361 4+1+ 0B.(6.6>#(#$#,@

 !"#!$ %&'&'(' (X, ρ)  !"#$% &'()*+,(%$ 8$# (xn) ,$'$-$+$+ !+0.% 8$# 2$ $"$
3(# .2(8$2$#:

D6%$#* +,-.(-$ "#$#19# I-.2(->#(36 J*0#.&3+1+ 0-8(-/2821/-1 (&!#$!

::5 5: /61 4+ K2*-$@

 !"#!$ %&'&')' ;!"#$% &'()*+ 6!# 6(+1$ 8$# (2" %< !-$ A .2-&+: a ∈ Ā
.2 (-* $0$+ 1!#!%2$ 3! )!"!#2$ %.4&2 an → a .2(7(% 8$0$ ,! 8$# (an) ⊂ A
,$'$-$+$+ 3(# .2 (-*,*#:

 *+,$ %&'&'%' (X, ρ) 36%$#* +,-.21/- >#$ (xn) /#,#0# C6$#(0#15 L86$ H6$ ǫ > 0
0-.2021- *-$42(2* m,n ≥ n0 &(/+8+1/- ρ(xn, xm) < ǫ &(-9-* >#K#3/6= C6$#(61

ǫ 0-.2021- >-8(2= >#$ n0 /&8-( 0-.202 C-$0-= (xn) /#,#0#16 >#$ =(&76) ,$'$-$,$# =

/61#(#$5

-#+!. %&'&'%' 0-(% 36%$#86 AB$6= /&8-( 0-.2(-$/-1 &(+4-1 (n) /#,#0# >#$ =(/
&76) ,$'$-$ /68#(/#$5 MN1*N n #(6 m 16 /61(# >N.N* 06K#(#$06 06K#(0#1 n 6= m
&(/+8+1/- s(n,m) = |n−m| ≥ 1 &(+$5



 !"  !"#$ %&' $()*+, -./0"/*

#$% &$'$($(  !"#$% &'(')' )*+, )*-.-./0 -12%$3 4$% ($21*$32$%5 #+(+ 67/8

21%-13 $9$(: ;+3.%0&.3$ &$'$($( 4.<3. 4$% -12%$=1 67%1 >.+?@; )*&+=+(+ 67/8

21%1*$-5

 !"#$ %&'&'(' ν -12%$=$ A%(13 BCD5EDF $*1 2.(0-*.(.( -12%$3 )*-.3 G'1%1

(n) &)=.* /.;0*.% &$'$/$ (R, ν) +'.;0 $9$(&1 4$%  !"#$% &'(')'&'*+

 !"#$% @1% @.(6$ 4$% ǫ > 0 /.;0/0 H1%$*/$(5 I1(1**$=$ 4)'-.&.( n > m
.*.4$*$%$'5 #+%.&.(

ν(n,m) =

∣

∣

∣

∣

n

1 + n
− m

1 +m

∣

∣

∣

∣

≤ 1

(1 +m)

1<$2/$'*$=$ 903.%5 J)*.;0/0;*.

(1− ǫ)

ǫ
< n0

)*.?.3 4$9$-&1 &)=.* 4$% n0 /.;0/0 /191%/13

n,m ≥ n0 ⇒ ν(n,m) < ǫ

903.%K ;.($ &)=.* /.;0*.% &$'$/$ µ -12%$=$(1 67%1 4$%  !"#$% &'(')' )*+%5

)#*!#+ %&'&',' ,'* -./*'0 "(!%&! %!012)!0 $.* &'(' 3'* >.+?@; &'(')'&'*+

 !"#$% (xn) &$'$/$ x ()32./0(. ;.30(/0;)%/.: @1% ǫ > 0 /.;0/0(. 3.%<0*03

7;*1 4$% n0 &)=.* /.;0/0 H.%&0% 3$

n ≥ n0 ⇒ (ρ(x, xn)) <
ǫ

2

;.'0*.4$*$%5 #+ $3$/$(&1( H1 LMEN &1(

n,m ≥ n0 ⇒ ρ(xn, xm) ≤ ρ(x, xn) + ρ(x, xm) < ǫ

903.% 3$ 4+ $/21(1($ H1%$%5

#+ 21)%1-$( 3.%<020: 9)=+(*+3*. 6191%/$'&$%K ;.($ 4$% -12%$3 +'.;&.3$ @1%

>.+?@; &$'$/$: ) +'.; $9$(&1 4$% *$-$21 ;.30(/.-.;.4$*$%5 #+ ($21*$3: -12%$3

+'.;*.%0( 2.-*.(-./0 B?)-,*12$)(F )*6+/+(. ;)* .9.%5

 !"#$ %&'&'-' a = 0, a1a2a3 . . . an . . . /)(/+' )(*+ B&1?$-.*F 67/21%$-$;*1

21-/$* 1&$*1( 4$% $%%./;)(1* /.;0 &G<G(1*$-5 #+ /.;0;. 3.%<0*03 .<.=0&.3$ &$'$8

/$;$ 3+%.*0-5



 !"!" #$%$&#'( )' *+,*-. /$0$#'($  !"

x1 = 0, a1

x2 = 0, a1a2

x3 = 0, a1a2a3
#

#

#

xn−1 = 0, a1a2 . . . an−1

xn = 0, a1a2 . . . an−1an

$% &'(')') *+,'-.+,' /',+, ,0123)+. 1024&4, 5+ 63.0270 89,:.+7+;' 8'/'< ,0123=

)+. 1024.0, 6:-+1' :(+,')&+6' 10.* &+;+, -+*,';')') *0)4-.0&4;4 (Q, s) -+*,'6

%(024)&0 /', >0%7?2 &'('1'&',# @*+ 20)&0) /% &'(')') a .'-'*')+ 2064)10&4;4

&0 ?+-+) 89,:.+/'.',# A-0 a 102414 ',,0123)+. 3.&%;%)&0) Q 'B')&+ &+;'.=

&',# C+-+6 6' (Q, s) -+*,'6 %(024)&06' /% (xn) >0%7?2 &'('1' Q 'B)&+6' /',

.'-'*+ 2064)10-423,< /% %(024) /', :1* %(024 3.0) (R, s) 'B')&+6' /', .'-'*+

2064)1423,# D3),06' /9.:-&+ /% 3.8%2% &0?0 8+)+. /'B'-&+ ')7+.+2+7+;'(#

 !"!" #$%&'()'($

E# F+,B+. 20 &0 60,-0G46 1024.0,&0) 3.%G0) /', (xn) &'('1')')< 10.* *3H3=

.3I'2+ 89,+< /', x .'-'*')+ 2064)10-014 'B') 8+,+6.' 5+ 2+*+,.' 63G%.< ?+,

ǫ > 0 102414)0 60,G4.46

n ≥ n0 ⇒ |xn − x| < ǫ

3.0706 /'B'-&+ 20.)4( ǫ J0 /0;.4 &3;0. /', n0 102414)4) 50, 3.-014&4,#

F91*+,')'(#

 # $', -+*,'6 %(02&0 2064)106 ?+, &'(' 14)4,.4&4,# F91*+,')'(#

K# A.* %(02&0 2064)106 &'(' :1* %(02&0 &0 2064)10,# L+&+)M $% 9)+,-+)')

*+,1' &3;,% -%&%,M

N# $', -+*,'6 %(02 'B')&+6' (xn) &'('1')') /', >0%7?2 &'('1' 3.-014 'B')

8+,+6.' 5+ 2+*+,.' 63G%. En = {xk : k ≥ n} 3.-06 :(+,+ ρ(En) → 0
3.-014&4,# O1H0*.024)4(#

!# $', >0%7?2 &'('1')') ?+, ?0)8' /', 0.* &'('1')') &+ /', >0%7?2 &'('1'

3.070;4)4 891*+,')'(#



 !"  !"#$ %&' $()*+, -./0"/*

#$ (X, ρ) %&' ()*'&+ ,-./ 0) σ(x, y) = min{1, ρ(x, y)} 123,4$ X &5&46)+& %&'

(xn) 6&-&3&4&4 ρ ()*'&7&4) 89') %&' :.,;</ 6&-&3& 12(.3= &5&4 8)')+2& 0)

/)*)'2& +1>,2 σ ()*'&7&4) 89') %&' :.,;</ 6&-&3& 12(.3=6='$ ?93*)'&4&-$

@$ A&' :.,;</ 6&-&3&4&4 6B-8B4 3B')+2& %&' C14+3&/14 .2*=46.+& ')3(&4&4 6)

%&' :.,;</ 6&-&3& 126,7,4, 893*)'&4&-$

 !"# $%&'()

 !"#$ %&'('%' (X, ρ) ()*'&+ ,-./=46.+& <)'  !"#$% &'(')' X &5&46)+& %&'

2&(&*) /.+=43.'3.D (X, ρ) ()*'&+ ,-./= *!+&,- .#/+012*23 6)4&2&'$

E,+.'=6.+& 9'4)+*) 89'B26B7B 8&%&D )!1* &242- ()*'&7&4) 89') '.3/14)2 3.F

/=2.' *.( 12(./.4 %&' ()*'&+ ,-./6='$ G/4= ()*'&7) 89') 8)'5)2 3./=2.' +BF

()3&4&4 *!+1,4,5, %&'.- 314'. 89');)7&-$

 )*+)$ %&'('%' 6 !5*/- !-!72)'8+2 9(211'4': (X, ρ) *!+ ;'- +2*-'7 "(!%

<2 (Fn) ;/8 /1+!%!5 7!0!1, 7=+212-&25 /1"8!5 !(!1!5 ;'- &'(' /1)"5> ?42-
ρ(Fn)→ 0 ')2

F =
∞
⋂

n=1

Fn

!-!72)'*'5'5 ;'-*27 942)' <!-&,->

 !"#$% H&-&4&4 5.I2.'= .-.2.'.+ 3=C='. 8&**&7&46)4 F .'.+)3&*& C.'+2= &+&

41+*. &5)'()-$ JK)6)4LM N/2)/3)D F 4&4 %1> 12(./.;.7=4= 893*)'()+ /)*)F

;)+*&'$ O)' %&' Fn +B()3&46)4 %&' xn 97)3& 3)5)2&($ ρ(Fn)→ 0 126,7,46.4 xn
%&' :.,;</ 6&-&3& 12.;.+*='$ K)6)4L X *.( 126,7,46.4D %, 6&-&4&4 %&' x ∈ X
2&(&*& 0.'6='$ A, X 41+*.3=4=4 F .'.+)3&*&4) .&* 126,7,4, 893*)'()+ /)*)F

;)+*&'$ E.4& <)' m 617.2 3./=3= &5&4 x ∈ Fm 126,7,4, 893*)'()2&/&-$ xn → x
126,7,46.4D %, 6&-&4&4 <)' .2* 6&-&3& 6) x 2&(&*&4) /.+=43./.;.+*='$ O)' m
617.2 3./=3= &5&4 {xn : n ≥ m} .2* 6&-&3& Fm +B()3&4) .&**&'$

P&(6& %, 94)'()4&4 +.'>=*=4= 39/2)/)2&($

,")+$) %&'('%' @'- +2*-'7 "(!%&! $'A ;'-')' ;/8 /1+!%!5 <2 A!01!-, ),B,-!

C'&25 'AD'A2 7!0!1, 7=+212-&25 /1"8!5 $2- &'('5'5 !-!72)'*' ;/8 &24'1)2 ;" "(!%

*!+&,->

 !"#$% (X, ρ) %&' ()*'&+ ,-./ 0) (xn) %, ,-./6. %&' :.,;</ 6&-&3& 123,4$

A, 6&-&4&4 X ,-./= &5&46)+& %&' 2&(&*) /.+=43.6=7=4= 893*)');)7&-$



 !"#" $%&'()  !"

An = {xk : k ≥ n}, n = 1, 2, 3, . . .

#$%&'&( )*+*,*-* #.(/'0%1 2. )*+*-*- 345 4'%/6/- #$%&'&()&- 4'.57.8. 9&

*:;*:& 4').8.< 6/-*

A1 ⊃ A2 ⊃ . . . ⊃ An ⊃ . . .

4').8. /=/:0#70(1 >7& 6/-)/-

lim
n→∞

ρ(Ān) = lim
n→∞

ρ(An) = 0 ?@A1!!B

)0(1 C&)&-D >6'&6,&E 9/(,/60%0%0+ .6/(0-F/ &-/+ 3*(

x ∈
∞
⋂

n=1

Ān

G8&,* 9/(4'%/'0)0(1 H8&( xn → x 4').8-. IG,7&(&3*'*(,&# *,=/7 3*7&F&#7*(1 J&(

J/-I* 3*( ǫ > 0 ,/60,0 9&(*',*-1 ?@A1!!B I&(&8*-F&E G6'& 3*( n0 )48/' ,/60,0 9/()0(

#*

ρ(Ān0
< ǫ)

4'.(1 2.(/)/-

n > n0 ⇒ xn, x ∈ Ān0

⇒ ρ(xn, x) < ǫ

:0#/(1

 !"#$" %&'(')'  !" #$%"!& '()*+) %)# ,-). /$" )-% '()* &)0)-1+1"2

 !"#$% (X, ρ) %&7(*# .+/60-0- 3*( (A, ρ) /'7 .+/60 7/% 4',.-1 Ā ⊂ A
4').8.-. IG,7&(%&# 6&7&F&#7*(1 x ∈ Ā *,&E  !"#!$ @A1A1K .6/(0-F/E xn → x
4'/F/# 3*:*%)& 3*( (xn) ⊂ A )*+*,* 9/()0(1 L/#0-,/# J&( )*+* 3*( M/.FJ6 )*+*,*

4').8.-)/- (xn) )& 3*( 3)'4/* +!(!5!+!" 1 >6'&6,&E 3. )*+*-*- '*%*7* 4'/- x
-4#7/,0 %)# 4'/- A .+/60-/ /*7 4'/F/#70(1

 !"#$" %&'('*' 6)# 7!" '()*1. &)0)-1 /$" )-% '()*1 +) %)#+1"2

 !"#$% (X, ρ) 7/% 3*( .+/6 9& A ⊂ X #/=/'0 3*( /'7 #$%& 4',.-1 (xn) ⊂ A
3*( M/.FJ6 )*+*,* *,&E 7/% X .+/60 *:*-)& 3*( x '*%*7*-& 6/#0-,/(1  !"#!$

@A1A1K .6/(0-F/ x ∈ Ā :0#/(1 N6,/ A #/=/'0 4').8.-)/- A = Ā )0(1 O&%&#

#* A *:*-)&#* J&( 3)'4/* +!(!5!.!. '*%*7*E A *:*-)&)*(1

P4- *#* G-&(%&6* 3*('&57*(*(,&# 5.-. ,G6'&6&3*'*(*+ Q



 !"  !"#$ %&' $()*+, -./0"/*

 !"#!$ %&'(')' (X, ρ)  !" #$%"!& '()* +$ A ⊂ X ,-.'/'0.) )1)/2.)&! !&!

3($-!& $1.$/$".!"4

 !" A = Ā

 !!" A #$%&'()

 !"#$" %&'(')' (X, ρ)  !" #$%"!& '()*20.) 5202"-2 +$ &)6)-2 ,-)0 7$" )-%

&8#$ %)#  !" )-% '()* ,-'*,"5) (X, ρ) '()*2 .) %)#.2"9

 !"#$% (xn) ⊂ X *!( +$,-./ &!0!1! 231,4)

m,n ≥ p ⇒ ρ(xn, xm) ≤ 1

23$-$5 *!6!%&7 *!( p &28$3 1$/'1' 17673!%) .7( .$49! *!( a ∈ X 17673!% :7

r = sup {ρ(a, x1), ρ(a, x2), . . . , ρ(a, xp)}

&!/73!%) ;, &,(,%&$ 1 ≤ j ≤ p 23&,8,4&$ xj ∈ D(a, r) ⊂ B(a, r + 1) 23,()

</('-$ j ≥ p 23&,8,4&$

ρ(a, xj) ≤ ρ(a, xp) + ρ(xp, xj) ≤ r + 1

23$-$5#'( 5! *, j ≥ p !6!4 xj ∈ D(a, r + 1) 23%$1'4' 97(75#!(!() =/37/17

{xn : n ∈ N} ⊂ D(a, r + 1)

&!() =#7 /$4&$4 5$>$3' D(a, r+1) /,:$('4'4  &!15" 1'4'(3' 23&,8, $6'5#'(? &23$@

/'1'/3$ :$(1$/'%'%'0 ,/$('4-$ %)#  !" )-% '()*.2" :7 (xn) +$,-./ &!0!1!4!4 *,

5$>$3' /,:$( !6!4&7 *,3,4$4 *!( x 3!%!#! :$(&'(A 5! *, 3!%!# X ,0$/' !6!4&7&!()

X !6!4&75! .7( +$,-./ &!0!1! !6!4 $/4' B7/ /$>'3$*!37-78!4&74A !1>$# *!#7()

 !"#" $%&'()*()%

C)  !"#$ CD)E)C #75! ,0$/'4 #$% 23&,8,4, 9F1#7(!4!0)

E) G243, *!( %7#(!5 ,0$/'4 #$% 23&,8,4, 9F1#7(!4!0)

H)  !"#$  CD)IC" #7 #$4'%3$4$4 B(X) ,0$/'4'4 #$% 23&,8,4, 9F1#7(!4!0)



 !"#" $%&'%&%  !"

 !"# $%&'%&%

 !"#$ %&'('%' (X, ρ) #$%&'( )*+,- .'& (Y, σ) %+# #$%&'( )*+,- '/'0$ 12#34

5$.'5',6& 7$ .)  !"# $%"&%''() * ,68)0 .'& +5% )*+,+ $9'% 65),6&:+; (Y, σ)
)*+,-0+ (X, ρ) )*+,-0-0-0 +,"-,)"./.'.0; <$0'5'&=

>) ($:'#<$ ?$& #$%&'( )*+,-0 %+#5+0+.'5$@$8'0' 7$ .'& #$%&'( )*+,-0

%+#5+0#-95+&-0-0 %/"%+0%- %/1,2.-. 65<)(5+&-0- 12:%$&$@$8'*= A+%$#+%'8'0 .'&

/6( <+5-0<+ 20$# %+9-,+0 .) 651); 2*$5 65+&+(; &+:,60$5 :+,-5+&<+0 ?+&$($%5$

1$&/$5 :+,-5+&-0 %6B656C'( ,20%$#5$ ()&)5)9)0) :+85+&=

 )*+)$ %&'('%' 3%0 "%+0(4 56,1 +,"-,),&(-(07 8(0 "%+0(4 56,1.) +,"-,)9

"./-,0. &(0&(0-%0()% $9#$%&$5 $9,+B-5-<-&7

 !"#$% D:B+% .'&(+/ +<-#<+ .'%$@$(%'&= >) +<-#5+&-0 *6& 65#+,+0 )*)0@+

':B+%5+&- 28&$0@',$ +5-9%-&#+ <',$ .-&+(-5+@+(%-&= >)&+<+ ,+50-*@+ ':B+%-0 ':4

($5$%' 7$&'5$@$(%'&=

%',-#$. x = (xn) '5$ y = (yn) <'*'5$&' (X, ρ) )*+,-0<+ '(' E+)@?, <'*':' ':$

x ∼= y ⇐⇒ lim
n→∞

ρ(xn, yn) = 0

.+8-0%-:-0- %+0-#5+,+5-#=

∼= '5$ 12:%$&<'8'#'* .) .+8-0%-0-0 X )*+,-04

<+(' .3%30 E+)@?, <'*'5$&'0'0 65)9%)&<)8) (3#$ 3*$&'0<$ .'& '%)4-(4

&,:.)+.;. 65<)8) (65+,@+ 12&35$.'5'&=

/',-#$. F)(+&-<+(' <$0(5'( .+8-0%-:-0-0 ()&<)8) '%)4-(4 ;.).<,0. (3#$:'0'

X '5$ 12:%$&$5'#G ,+0' x = (xn) 28$:'0'0 <$0(5'( :-0-H-

[x] = {y = (yn) : x ∼= y}

65:)0= I'#<'

ψ([x], [y]) := lim
n→∞

ρ(xn, yn)

65#+( 3*$&$ (X, ψ) .'& #$%&'( )*+, 65)&=

0',-#$. J$& x ∈ X 28$:'0$ (+&9-5-(; %$&'#5$&' .) x 28$:'0$ $9'% 65+0 x =
(x, x, x, . . . , x, . . .) :+.'% <'*'5$&'0' <3930$5'#= >) <'*'5$&'0 .$5'&5$<'8' x

<$0(5'( :-0-K+&- X )*+,-0+ +'%%'&5$& 7$ .'& X +5% )*+,-0- 65)9%)&)&5+&=

I'#<' X (3#$:'0<$0 X (3#$:'0$ ϕ(x) = x <20393#303 %+0-#5+,+5-#=

>) <20393#;

ψ(x, y) = ψ(ϕ(x), ϕ(y)) = lim
n→∞

ρ(xn, yn) = ρ(x, y)



 !  !"#$ %&' $()*+, -./0"/*

"#$%&'($ (X, ρ) ")$#&'*$' (X, ψ) $+, ")$#&'$ -.% /01/,%/+ /0#$2& *3'45

0414*4%6

 !"#$%& X 741/8.'.' X .9.'*/ #:;"' :+*";"'" <38,/%/(/;.)6  !"#!$ =>6>6?

"#$%&'($@ X .9.'*/7. A/% p 3;/8.'/ 7$%0&+&7@ X .9.'*/ p 3;/8.'/ #$7&'8$#$'

-.% *.).'.' B$%+&;&'& <38,/%1/7 #/,/(/7,.%6 C/%9/7,/'@ p */'7+.7 8&'&D&'$

$., -.% p = (pn) *.).8. *404'/+.16 E$'&1& "#$%&'($@ -" *.). X .9.'*/ -.%

 !"#$% *.).8.*.%6 F.1*. A/% m *:;$+ 8$#&8&'$ 7$%0&+&7

ϕ(pm) = pm

*/'7+.7 8&'&D&'& *404'/+.16

lim
n→∞

ψ(pm, p) = lim
m→∞

(

lim
n→∞

ρ(pm, pn)
)

= 0

:+*";"'*$' (pm) *.).8. p 3;/8.'/ #$7&'8$%6

'!"#$%& (X, ψ) -.% ,$1 ")$#*&%6

G"'" .82$,+$17 .9.' X .9.'*/7. A/%  !"#$% &'(')'*'* -" ")$# .9.'*/

-.% +.1.,/ #$7&'8$*&;&'& <38,/%1/7 #/,/(/7,.%6 (xn) *.).8. X .9.'*/ -.%

H$"(A# *.).8. :+8"'6 X ")$#& X .9.'*/ #:;"' :+*";"'*$'@ A/% *:;$+ n
8$#&8&'$ 7$%0&+&7

ψ(an, xn) < 1/n

:+$($7 -.9.1*/ -.% an ∈ X 3;/8. B$%*&%6 G" 3;/+/%*/' :+"0$' (an) *.).8.
-.%  !"#$% &'(')'&'+6 G" *.). a = (a1, a2, . . . , an, . . .) *.).8.'.' */'7+.7

8&'&D& :+$' a 3;/8.'/ #$7&'8$%6 I%,&7@ -"%$*$' xn *.).8.'.' a +.1.,.'/

#$7&'8$#$($;& 7:+$#($ <3%4+4%6

(!"#$%& X .+/ Y 1/,%.7 ")$#&' .7. ,!-.!*-/0/ .8/ X .+/ Y ")$#+$%& /01/,%/+

/0#$2&+&*&%6

 !" # $%&'( )&*&+,%*-&'.%)&

)*+$% ,-!,.!,! X -.% ,:2:+:J.7 ")$# B/ A ⊂ X :+8"'6 K;/% A 741/8.'.'

7$2+$1&'&' .9. -:0 .8/L #$'. (Ā)o = ∅ .8/@ A 741/8.'/ $'1 2'+ %3+&3 %45"*

&35'.&'+ */'.+.%6

/0+12 ,-!,.!,! I9&7 #$ *$ 7$2$+& 741/+/%.' 7/'$%+$%& A.9 -.% #/%*/ #:;"'

*/;.+*.%6



 !" #" $%&'( )&*&+,%*-&'.%)&  !"

 !"#$ %&'%(')' #$%&$'()$* +,%-&. /-*0-) &$'()$* .0.12-3 &$)4 4565)57.'- /8*-3

9.0 :.* '-*2- '5;<1 2-;.)2.*=

 "#!*# %&'%('%' A  !" #!$ %&$'& %()*+ '&)!,-& A′ ./0&-! %()*+ #!$ 1,23

./0&'!$4

>< 81-*%-1.1 +5)$' .&6$4(1( 8;*-1?.'- :.* 6*5:)-% 5)$*$+ :(*$+('5*<@=

+,"-* %&'%(')' A;-* :.* 4565)57.+ <@$' 9.0 :.* '-*2- '5;<1 5)%$'$1 +,B

%-)-*.1 &$'()$:.).* &$'(2$&(1(1 :.)-C.%.1- -C.4&-3 :< 4565)57.+ <@$'$ -&%$&. :.*

<@$'2(* 2-1.).*= D-'*-+ <@$')$*$ #!$!+5! .12&6($!'&+ :.* <@$'E :< +$4-/5*.2-1

5)%$'$1 <@$')$*$ 2$ !.!+5! .12&6($!'&+'!$ 2.'-?-;.@=

 !"#$ %&'%('.' #-+ 8;-). :.* $)4B+,%-3 &$)4 4565)57.'- /8*-3 Q .0.12- 9.0

:.* '-*2- '5;<1 2-;.)2.*=

F5)$'(&(')$3 &$'()$:.).* :.* +,%- 5)$1 *$&'51-) &$'()$* +,%-&.3 &$)4 4565B

)57.'- /8*-3 :.*.1?. +$4-/5*.2-1 G&-'*-+H :.* <@$'2(*=

+,"-* %&'%('.' >.* 4565)57.+ <@$'2$ 9.0 :.* '-*2- '5;<1 5)%$'$1 +$6$)(

+,%-)-*.1 9-* 2.@.&.1.1 :.)-C.%. 2- 9.0 :.* '-*2- '5;<1 2-;.)&-3 :< <@$'$ :.*

71!$& <@$'(2(* 2-1.).*=

#$1(%2$1 9-%-1 C<1< &8')-'-:.).*.@=

+#/!#* %&'%('%' (X,T ) *81%9+9+ #!$ 71!$& *81%9 (,01-9 !"!+ 6&$&.,! :&

%&2&$,! .(;*,< .1=1,9 ./0&,&$'&+ (,*;1+  &$  1+6! #!$ (En) '!8!-! :&$!,'!)!+'&

(∪En)
o 6= ∅ =⇒ Eo

m 6= ∅

(,151. #!"!0'& &+18 #!$ Em ./0&-!+!+ :1$(,01-9'9$4

+#/!#* %&'%(') G>$.*- I5;<1)<+ #-5*-%.H' (X, ρ) #!$ 210 0&2$!. *81% :&

Bi, (i = 1, 2, 3, . . .) %()*+ 1,2 ./0&,&$ 1!,&-! !-& ∩∞i=1Bi 1$1.&-!2! X !"!+'&

%()*+'*$4

 !"#$% 9-* 9$1/. :.* p ∈ X 8;-&. .)- :<1<1 :.* B(p, r) '<J$*&$) +5%C<B

)<;<1< 2,C,1-).%= K8&4-*-?-;.@ +. :< '<J$* ∩∞i=1Bi '- $.4 -1$@ :.* a 8;-&.1.

.0-*.*=

B(p, r) $0(+ :.* +,%- J- B1 '5;<1 5)2<;<12$1 :.* a1 ∈ B(p, r)∩B1 8;-&.

&-0.)-:.).*= L4- '$12$1 (X,Tρ) 2,@-1). 5)2<;<12$1

B(a1, r1) ⊂ B(p, r) ∩B1



 !"  !"#$ %&' $()*+, -./0"/*

#$%&%' ()*)+,- a1 ./-0)1)1 ()2 B(a1, r1) 345%20%$ '#+64$4/4 5%2,728 90:-$)';

(4 '#+64$4/41 r1 3%27*%<7 1 ,-1 '=*=' %$71%()$)28

B(a1, r1) %*7' ()2 '=+- 5- B2 3#/41 #$,4/41,%1 ()2 a2 ∈ B(a1, r1) ∩ B2

./-0) 0-*)$-()$)28 >-1),-1; +-:2-$ :#<#$#?)1)1 ,=@-1$)$)/)

B(a2, r2) ⊂ B(a1, r1) ∩ B2

#$%&%' ()*)+,-; a2 ./-0)1)1 ()2 B(a2, r2) 3.2-0)1)1 #$+%0717 A-2-':)2)28 B%())

r2 < 1/2 #$%&%/7 %*7':728

C4 ,=6=1=6 %2,%2,% 3)1-$-1-2-'; i D1&) %,7+,% (i = 1, 2, 3, . . . , n, . . .)

ai ∈ B(ai, ri), ri < 1/i

5-

B(ai, ri) ⊂ B(ai−1, ri−1) ∩Bi

#$%&%' ()*)+,- ()2 ai ./-0) 0-*)$-()$)28
E)+,) (4 3#$$% 0-*)$-1 ./-$-2,-1 #$46%1 (ai) ,)@)0)1) ,=6=1-$)+8 F/-2 k

()2 ,#/%$ 0%37 )0- n,m > k #$,4/41,% an, am ∈ B(ak, rk) #$42G ,#$%37073$%

d(an, am) < 2/k #$&%':728

C42%,%1 (ai) ,)@)0)1)1 ()2 H%4&I3 ,)@)0) #$,4/4 A.2=$=28 (X, ρ) ()2 :%+

4@%3 #$,4/41,%1 (4 ,)@)1)1 X )*)1,- ()2 $)+):) 5%2,72G (4 $)+):- a ,)3-$)+8 J:-

3%1,%1; I-2 i ,#/%$ 0%3707 )*)1 ai, ai+1, ai+2, . . . %$: ,)@)0) ,- %317 a $)+):)1-

3%'710%28 C4 %$: ,)@)1)1 (=:=1 :-2)+$-2) B(ai, ri) '=+-0)1&- '%<0%1728 C4

'=+- '%<%$7 #$,4/41,%1 a $)+):)1) ,- )*-2-&-':)2 K('@8  !"#!$ LM8M8NO8 C4

)0-

a ∈ B(ai, ri) ⊂ B(ai−1, ri−1) ∩ Bi

#$+%07 ,-+-':)28 P-2 i ,#/%$ 0%3707 )*)1 (4 .@-$$)/)1 5%2$7/7

a ∈
∞
⋂

i=1

Bi

#$+%0717 A-2-':)2)2; ') (4 %2%,7/7+7@ 0#14*:428

 !"#!$ %&'%(') KC%)2-O'  !" #$% "&'%$( )*!+ $($,-$ (!'&./%$0&,0$%1

 !"#$% X :%+ ()2 +-:2)' 4@%3 #$0418 Q$+%3%1% -2A) 3.1:-+)1) '4$$%D

1%&%/7@8 I)* ()2 3-2,- 3#/41 #$+%3%1 %$:D'=+-$-2,-1 #$46%1 ()2 (An) ,)@)0)

5-2)$0)18 F/-2

∞
⋃

n=1

An = X KLM8R!O



 !"  " #$%&'( )* #'('+&'(  !"

#$%&'()

∞
⋂

n=1

A′n = ∅ *+,-",.

#$/0(/- 1'%& 230 n 4546 A′n '#7/6(/0 *89:-  !"#$" +,-+;-+.- <'$3'%3  !"#$

%&'()*(+ ,$&#$-" /'&0)6=& ∩A′n '#7/6 840 &$>?9@A3(40- B/ 4%3C *+,-",. 4$3 53?

$4D40- B/ 53$4D94 #$&A&'&=&7)6(&6 *+,-"!. 9&8/$@A@: '&6$)D>)0E '&64 X 9@A3%4

245 840 '30(3 '#7/6 #$A&'&6 9@A3$3046 %&')$&84$40 %&')(&%)6)6 840 84$3D4A463

3D4> #$&A&:-

 !" #" $%&'()*()%

+- F&$> >#G#$#H4'3 IJ03 I3053$ %&')$&0)6 %#6$/ 840 &$>?9@A3%4 245 840 '30(3

'#7/6 (374$(40- KJ%>30464:-

 - L45 840 '30(3 '#7/6 #$A&'&6 9@A3$3046 %#6$/ %&')(&%)6)6 84$3D4A4 (3

245 840 '30(3 '#7/6 (374$(40- KJ%>30464:-

M- L45 840 '30(3 '#7/6 #$A&'&6 840 9@A3646 >@A$3'364 '#7/6 840 &$> 9@?

A3(40- KJ%>30464:-

N- O/9&0)(&94 J:3$4746 9&0D)>) (#70/ A/(/0P B&D9& 840 (3'4D$3C ./&'() 0"#

!*12+3-$)") 13-*$/$)" 4"5 0"# /$#6$ /&'() 6$'"*6"#.C (36384$40 A4P

 !"  #$%&'( )* #'('+&'(

 !"#!$ %&'%%'%'  "# -$1#"+ (7!/8) 18+87 &*-!98 "5") :$#$+*" ;$ /$1$#*" +&<(*

"5")6$+" 4$# 6"7")") /!+8)9!+ 0"# !*1 6"7"9" &*-!9868#=

 !"#$% <6=3 9#D/$/6 I3039$47464 IJ03$4A- (X,Tρ) >)9): 840 A3>049 /:&' #$?

%/6 Q3 X 4546(3 840 (xn) (4:4%4 Q304$%46- B/ (4:4646 >304A$304646 840840$3046(36

R&09$) #$(/7/ (/0/A/ (@D@6A39 '3>3=39>40- S@69@C 3730 (4:4646 840840$3046?

(36 R&09$) >304A$304 %&')%) %#6$/ 4%3C 36&: 840 >304A %#6%/: 93: '463$364'#0

(3A39>40E 94 8/ (/0/A(&C 4%>3636 '&9)6%&9 &$> (4:4 #$&0&9 '463$3636 >304A$30?

(36 #$/D&6 840 &$> (4:4 %354$384$40- T730 (4:4646 %#6%/: 5#9$/9>& R&09$) >304A4

Q&0%&C 840840$30463 3D4> #$&6 >304A$30(36 '&$6): 840 >&63%464 %353039C >304A$304

84084046(36 R&09$) %#6%/: 840 &$> (4:4 %35384$404:- U#$&'$)7) %&7$&A&9 4546 Q304$36

(xn) (4:4%4646C 8/ (4:4 #$(/7/6/ Q&0%&'A&9>& 840 %&9)6=& '#9>/0-



 !!  !"#$ %&' $()*+, -./0"/*

(xn) "#$#%# %&'%($ )#* +,-."#*/ X 01+1$ &2"(3('"4'5 )( "#$#'#' .'4$ )#*

61312-4 '&+04%1 &274+01* 8)+$/ 9.&*.-   :; )( 61312-4 '&+04%1'4 p "#6.2#-/

<1312-4 '&+04%1 04'1-1 (64*1'745 =.* k "&342 %461%1'4 +4*>121+5 B(p, 1/k) 4?1+

6(@4*1 #?#'". "#$#6. 4#0 )#* x
(k)
n A3.%# %.?#2.)#2#*/ BA62.7. &2(>0(*(2474+ (x

(k)
n )

420 "#$#%#'#' p '&+04%1'4 64+1'%4647431 4C4?1+01*/

D&>(2(' 6.0.*2#3#'# EA%0.*-.+ #?#' (X,Td) -.0*#+ ($461'"4+# =.* "#$#'#'

64+1'%4+ )#* 420 "#$#%# &2"(3('( @4*%46421-/ F#-"# X +,-.%#'#' %&'%($ )#* A
420 +,-.%# @.*#2%#'/ A +,-.%#'".'5 0.*#-2.*# )#*)#*#'".' G4*+21 &24' )#* (xn)
"#$#%# %.?.)#2#*#$/ H4*%461-1-1$ (64*1'745 )( "#$#'#' 64+1'%4+ )#* 420 "#$#%#

&2474+01*/ B( 420 "#$#'#' 2#-#0#'. p "#6.2#-/  !"#!$ IJ/J/K (64*1'745 p ∈
Ā "1*/ L0. 64'"4'5 "#$#'#' 0.*#-2.*# )#*)#*2.*#'".' G4*+21 &2"(3( #?#'5 p '#'

=.* +&->(2(3( "#$#6. 4#0 +#-# 0.*#-2.*# #?.*.7.+0#*; 64'# p '&+04%1 A '1'

)#* 61312-4 '&+04%1"1*/ M&'%($ =.* A +,-.%# #?#' )( A$.2#+ @4*&2"(3('"4'5

%&!#$! IN/I/I (64*1'745 X -.0*#+ ($461 01+1$"1*/

!"#$"% &'(&&()(  !" #$%"!& '()*+)&! ,!" -)'./* +!(!0!1!1 *)&210)& ,!" )3%
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 !"#$% (xn) )#* O4(7=6 "#$#%# "#$#%# #%.5 =.* ǫ > 0 %461%1'4 +4*>121+

n,m ≥ N ⇒ ρ(xn, xm) <
ǫ

2

&2474+ )#?#-". "&342 )#* N %461%1 @4*"1*/ P3.* )( "#$#'#' 64+1'%4+ 420 "#$#%#

(x
(k)
n ) @. )( )'(' 2#-#0# p #%.

n ≥M ⇒ ρ(x(k)n , p) <
ǫ

2

&2474+ )#?#-". "&342 )#* M %461%1 @4*"1*/ N #2. M %46124*1'"4' =4'E#%# "4=4

),6,+%. &'4 n0 "#6.2#-/ n ≥ n0 &2"(3('"4

ρ(xn, p) ≤ ρ(xn, x
(k)
n ) + ρ(x(k)n , p) < ǫ

&247431'"4'5 xn → p &2"(3( EA*,2,*/

!"#$"% &'(&&(*(  !" #$%"!& '()*+) %2&2( )3% &8#$3$" %)#+2"7

 !"#$% Q.0*#+ )#* ($46"4 A 01+1$ )#* 420 +,-. @. (xn) )( +,-. #?#'". )#*

O4(7=6 "#$#%# &2%('/  93()19:;$!$"0%")00 A$.22#3#'".'5 )( "#$#'#' 64+1'%4+ )#*

420 "#$#%# @4*"1* @. )('(' 2#-#0#5 p "#6.2#-5 A +,-.%#'. 4#00#*/ R6%4 A'7.+#

0.&*.- (64*1'74 xn → p &2474+01*/ S.-.+ +# A 420 +,-.%#'".+# =.* O4(7=6

"#$#%# A #?#'".+# )#* 2#-#0. 64+1'%16&*/



 !"  " #$%&'( )* #'('+&'(  !"

 !"#$ %&'%%'%'  !" #$%"!& '()*+, -+,+".+ /$ &)0).+ 1$" ).% &2#$-! %+&+( !-$

3' '()* %)#4+"5

 !"#$% #$%&'( )&*+&,-&$. /&+(0&$ /1+2134, 10)4$-1 24$4+04 /& '15104 '6,&7

0&+($ )1, *0-898 2*$8%8 :4'1+; <8 (2& 8=134$ )1, *0,124$4 >&+&')(+(+ ?@'=;

 !"#$" A";B;CD;

(")*+) %&'%%'%'  !" #$%"!& '()*+, 32-32%2, -+,+".+ 6.#)-+ !7!, 8$"$&.! /$

*$%$".! &69'.: 3' '()*4)&! 1$" 4!(!,!, 3!" ;)'<1* ).% 4!(!-!,!, /)" 6.#)-+4+"5

 !"#$%

=$"$&.!>!? X ,&)+(' 8=134 @62@6)6$ 24$4+04 *028$ /& E&+ E1$>( @(+ (xn)
-(=(2( /&+(0,(F *028$; <8 -(=($($ @(+ G18%E3 10) -(=(2( *0-898$8 >H2)&+&%&9(=;

#$%& X '6,&2($($ 2*$08 @(+ 17H+)626$6 -6F6$&0(,; <8 H+)63& 1() '6,&0&+-&$

&$1= @(+(2( -(=($($ 2*$28= :*'08')1 H9&0&+($( (:&+&%&')(+; <8 H9&0&+

x
(1)
1 , x

(1)
2 , x

(1)
3 , . . . ?A";IBD

*028$; <8 10) -(=($($ :154 1 -&$ '6:6')6+; J*$+1 X '6,&2($($ 2*$08 @(+ 1/2
H+)626$6 -6F6$&0(,; <8 H+)63& 1() '6,&0&+-&$ &$1= @(+(2( ?A";IBD -(=(2($& 1()

)&+(,0&+($ 2*$28= 2134-124$4 (:&+&%&')(+; <8 H9&0&+

x
(2)
1 , x

(2)
2 , x

(2)
3 , . . . ?A";IKD

*028$; <8 10) -(=($($ :154 1/2 &$ '6:6')6+; <8 -6F6$6F0&. -*910 E&+ n 213424$1

'1+F404'.X '6,&2($($ 2*$08 @(+ 1/n H+)626 /1+ *01%194$-1$. @8 H+)63& 1() &$1=

@(+ '6,& (:($-& 2*$28= :*'08')1

x
(n)
1 , x

(n)
2 , x

(n)
3 , . . . ?A";!LD

H9&0&+( @808$8+; <8 H9&0&+-&$ *08F1$ 10) -(=($($ :154 1 -&$ '6:6')6+; <H30&%&

&0-& &-(0&$ (17.58), (17.59), . . . , (17.60), . . . 10) -(=(0&+($-&$ E&+ @(+(2( @(+ H$7

%&'($($ @(+ 10)7-(=(2( *0,1')1-4+; <8 -(=(0&+($ @(+($%(2($-&$ x
(1)
1 . ('($%(2($-&$

x
(2)
2 , . . . , k 74$%4-1$ x

(k)
k . . . . H9&2($( 2&:&+&'. 1-4$1 &@9$8$, 4!(!-! -(3&%&9(,(=

x
(1)
1 , x

(2)
2 , x

(3)
3 , . . . , x(n)n , . . . ?A";!AD



 !"  !"#$ %&' $()*+, -./0"/*

#$%$&$'$ ()*+,*-.)/01 2* #$%$'$' 3$- 4.*567 #$%$&$ ()#*8*

n,m > n0 ⇒ d(x(n)n , x(m)
m ) <

1

n0

9:;1! <

=+$,&$%)$8$'#=' >/?.-1

 !"!#$%&%' X 0=,-$? *%.7/'#.?$ 6=- #$%$'$' 3$- 4.*567 .), #$%$&$ @.- ()&*'1

A8=- X 3B&3B,B' &/'/-)/ ()0.&.7#/ 7=,=-$'5= ?B>B? 3$- ǫ &.7/&/ $>$'C &(')*

3$- ǫDE-,B&B @.-()0.%#/1 2* #*-*0#. 6=- 6.'F$ 3$- a1 ∈ X E8=&$ &=>=)$0 @=

ǫ/3 7.-/>.G)/ a1 0=-?=%)$ B1 .>/? 7*@.-/'/ #B+B'=)$01 H.3*)B0B% *7.-/'5.

B1 7*@.-/ X ?B0=&$'$ E-,=0=7=5=8$'#=' 3* 7*@.- #/+/'#. 3$- a2 ∈ X E8=&$

&=>$)=3$)$-1 2* E8=7$ 0=-?=% .).' ǫ/3 7.-/>.G)/ B2 7*@.-/'/ #B+B'=)$01 I='=

B1 ∪ B2 ?B0=&$ X *%.7/'/ E-,=0=7=5=8$'#=' 3* 3$)=+$0 #/+/'#. 3$- a3 ∈ X
E8=&$ &=>$)=3$)$-1 2* #B+B'5= .-#.-#. 7$'=)='=-=? 3$-

a1, a2, a3, . . . , an, . . . 9:;1!J<

#$%$&$'$ E7)= &=>=3$)$-$% ?$C 3* #$%$'$' 6=- 6.'F$ $?$ E8=&$ .-.&/'#.?$ *%.?)/?

ǫ/3 #=' 3B7B? ()*-1 K().7/&/7). 3* #$%$'$' 3$- 4.*567 .), #$%$&$ @.- ().0.%1

2* 3$- >=)$+?$#$-1

 !"#$" %&'%%'(' (%# )!"#%* +,-./0 "/*/, 1$)-2/ %3%0 4!#!*$% 5! .!"!#$% *16+$

"-) 5! 78278"80 2/0/#$/ 1$)-2/9/#:

;!#!*$%&%' X ,/?/% 3$- 0=,-$? *%.7 $&=C  !"#!$ :;1::1: *7.-/'5.C $>$'#=?$

6=- #$%$'$' 7.?/'&.? 3$- .), #$%$&$ @.-#/-1 2* .), #$%$ 3$- 4.*567 #$%$&$ ().D

5.8/'#.'C %&!#$! :;1::1: *7.-/'5. X *%.7/ 3B&3B,B' &/'/-)/#/-1 L.0)/8/ $&=

 !"#!$ :;1::1J >/?.-1

 !"!#$%&%' X 0=,-$? *%.7/ ,.0 @= 3B&3B,B' &/'/-)/ ()&*'1 %&!#$! :;1::1:

*7.-/'5.C X $>$'#=?$ 6=- #$%$'$' 3$- 4.*567 .), #$%$&$ @.-#/-1 M%.7 ,.0 ()D

#*8*'#.'C 3* .), #$%$'$' 3$- )$0$,$ ().5.?,/-1 N.'$ X $>$'#=?$ 6=- #$%$'$'

7.?/'&.? 3$- .), #$%$&$ @.-#/-1 O-,/? *%.7/' ,/?/%)/8/ %&!#$! :;1::1: #=' >/?.-1

 !"  " #$%&'()'($

:1 L/?/% 3$- 0=,-$? *%.7#.' 6=- 6.'F$ 3$- 0=,-$? *%.7. ,.'/0)/ &B-=?)$ 3$-

P('?&$7('*' #B%FB' &B-=?)$ ()#*8*'* FE&,=-$'$%1

 1 I=->=) =?&='$' ,/?/% 6=- .), ?B0=&$'$' &/'/-)/ @= ?.G.)/ ()#*8*'* FE&,=D

-$'$%1



 !" #" $%&'%( )*+,(*&,- .*/(,0,  !"

 !" # $%&'%( )*+,(*&,- .*/(,0,

#$%&$' ()*+')%+,  !"!#$%" #!&$'$ *-,.$/0*'$ ,)(+' 12%2'3242,2 -4%$,50 6,)7

'08 3$%('$%0,3$, 90'0%: ;$.%01 28)*')%3) .)/')/) 1)<%)/+ 90'0,301.$, (=,%)

>$%&$' ()*+')%+ 12%/)1 &=1 1=')*')?+%: @)(*=,$' ()*+')% 1A/$(0 A8$%0,3$ ()'.

B/2.')1C /$.%040 3A?A,$'0/: D2 28)*+, .)/'),/+?+,+ (!)*!+ ,-./+-) 1A/$(0

=')%)1 .),+/')*)90'0%08: #$%&$1.$, %)(*=,$' ()*+')% 1A/$(0,0, ()'. .=E='=F0*$

>-%$ >$%&$' ()*+')% 1A/$(0 0&0,3$ *=42, ='3242,2 90'0*=%28 B918: G:H: C: 6,5)1

(Q, | |) 28)*+,+, .)/'),/+?+,+ (R, | |) /$.%01 28)*+ ='3242,2 >-(.$%/$1 0&0,I

92%)*) 3$1  !"!#$%" 0!&$'$ *-,.$/0*'$ 12%2'3242,2 <)%()*3+4+/+8 R >$%&$'

()*+')% 1A/$(0,0, | | ()'. /$.%040,$ >-%$ .)/ 90% 28)* ='3242,2 >-(.$%/$'07

*08: D2 0?0 *)E)%1$, >$%&$' ()*+')%+, (+%)')/)(+,) 3$40, -8$''01'$%0 90'0,0*=%

<)%()*)5)4+8:

 !"#$" %&'%('%' (!)*!+ !#&!% 12!)$%"! #-3-+/ 4! $*5$*! 6+-% -)-+/#+-)"-%

6+78-% 9$) "$2$%$% -)-#!&$:$ 968 "!;$+"$)<

 !"#$% In ⊃ In+1 (n = 1, 2, 3, ...) ='/)1 A8$%$ In = [an, bn] 1)E)'+ )%)7
'+1')%+,+ 3A?A,$'0/: A = {an : n ∈ N} 1A/$(0 9=? 3$40'30% <$ A(..$, b1 0'$

(+,+%'+3+%: (!)*!+ ()*+')%3)10 (+%)')/) -8$''040,3$, BJHKI J  KCI A 1A/$(0,0, $,

1A&A1 A(. (+,+%+ <)%3+%:

x = sup(A)

30*$'0/: L)%()*+/+/+8 2*)%+,5) M$% m,n 3=4)' ()*+ &0N.0 0&0,

am ≤ am+n ≤ bm+n ≤ bm

='3242 )E)&+1.+%: O*'$*($I M$% m 0&0,

am ≤ x ≤ bm

30% P *),0

x ∈
∞
⋂

m=1

{Im : m ∈ N}

='2%:

 !"#$" %&'%('(' (!)*!+ !#&!% 12!)$%"! #-3-+/ 4! $*5$*! 6+-% -)-+/#+-)"-%

6+78-% 9$) "$2$"! -)-+/#+-)/% 727%+7;7 &/=/)- .-#+-8/.6)&-> -)-#!&$:+!)$ 9$) :!#

%6#:- $*!)$)<



 !"  !"#$ %&' $()*+, -./0"/*

 !"#$% In, (n = 1, 2, 3, ...) #$%$&' $($&'#&$(')') *+*)&*,* -'.'($ /$#&$0'/1(

2343# 5 63( x, y ∈ R 787) s(x, y) = |x− y| 1&4$# 9+3(3

lim
n→∞

s(In) = lim
n→∞

|bn − an| = 0

1&4$-' 2343#:7(; x 7&3 y <,3&3(7 $($#3-7: 787)23 1&-*)&$(;

x 6= y ⇒ |x− y| = r > 0 =>!;?@A

1&$B$#:'(; s(In)→ 0 1&2*,*)2$)

n > n0 ⇒ s(In) = bn − an <
1

2
r =>!;?CA

1&$B$# D787423 21,$& D7( n0 -$/'-' E$(2'(; x 7&3 y $($#3-7: 787)23 1&2*,*)2$)5

63( n 787) x, y ∈ In 27(; F/&3/-3 =>!;?CA 23)

n > n0 ⇒ |x− y| < bn − an <
1

2
r

1&4$&'2'(5 #7 D* =>!;?@A 7&3 83&707(; G343# #7 x = y 1&4$# +1(*)2$2'(;

 !"#!$ %&'%('% =H37)3IJ1(3& K31(347A'  !"# #$%$"$&'() *+,)- *),.)" )/0)1'1

0212,"2 3) /!%!"2 4), !,!"252 #2/2672,8

 !"#$% a, b ∈ R E3 a < b 1&4$# 9+3(3 D7( F1 = [a, b] #$%$&' $($&',' 7&3 D*)*)
D7( U = {Uλ : λ ∈ Λ} $8'# <(:9-9 E3(7&-7); L8'# $($&'#&$( D7( :$D$) 1&2*,*)I

2$) =D#+;  !"#$ @;>;?5 $8'# <(:9/3 $7: 63( D7( Uλ #943-7 $8'# $($&'#&$(') D7(

D7&30747 1&$($# /$+'&$D&7(; G1&$/'-'/&$5 U $8'# <(:9-9)23)5 $8'# $($&'#&$(2$)

1&*0$) D7(

A = {(ai, bi) : i ∈ I}
$8'# <(:9-9 3&23 327&7(;

F)B3 A <(:9-9)23) -1)&* D7( $&: <(:9 -387&3D7&3B3,7)7 M<-:3(B3,7+; A <(I

:9-9)23) [a, b] #$%$&' $($&',')' <(:3) -1)&* D7( $&: <(:9 -387&347/1(-$5 $($&','

:$4 1(:$-')2$) 307: 7#7 %$(8$/$ D<&3&74; J* /$('&$(2$) 3)$+ D7(7-7 A )')

-1)&* D7( $: <(:9-9/&3 <(:9&343+N 23,7&-35 63( 7#7 /$(' $($&',') -1)&* D7(3( $&:

<(:9-9 1&*(2*; J* 2$ D9:9) $($&',') -1)&* D7( $&: <(:9-9 1&4$-' 2343#:7(;

O7427 A )') -1)&* D7( $&: <(:9-9/&3 <(:9&343/3) 7&# /$(' $($&',' F2 = [a2, b2]
7&3 M<-:3(3&74; J* $($&',' 2$ :$4 1(:$-')2$) 7#7 307: %$(8$/$ D<&3&74; P3)3



 !" #" $%&'%( )*+,(*&,- .*/(,0,  !"

#$ %&% '()*+ ()(,*&-(. /.(0 #%)%1% A .*. 12.,$ #%) (,- 3)-414',/ 3)-4,/+/'/5

6/&-%)7 8)-4,/+/'/. #%)%.% F3 = [a3, b3] %,/ 931-/)/,%+7 :$ 2,9$'$ ;$)+(;(.

'%./,/)1/&< &(=(,* &4+/,/);/. 2,$>(. (0(,(. #%)

F1 ⊃ F2 ⊃ F3 ⊃ . . . ⊃ Fn ⊃ . . .

&4+/,/) ;%0%1% /,;/ /;%,%)7 Fn = [an, bn] &(=(,* ()(,*?*.*. $0$.,$?$ (b− a)/2n

;%)7 @2,('*1*',(< #$ &4+/,/) ;%0%1%.%. A(=,()* 1*B*)( '(&*.1()C '(.% s(Fn)→ 0
;*)7 8',/'1/ #$ ;%0%.%. ()(&/1%-%.%. #%)-/& 3?/1% D();*) E#&07  !"#$" "!7" 7 F7

:$ 3?/'/ p ;%'/,%+7 G(#%% p ∈ [a, b] ;%)7 A #$ ()(,*?*. #%) 3)-414 2,;$?$.;(.<

A '( %- #%) (a1, b1) (A*& ()(,*?* p '% %A/)%)7 ǫ = min{b1 − p, p− a1} ;%'/,%+7

n ≥ n0 ⇒ s(Fn) < ǫ

2,(6(& #%A%+;/ #%) n0 1('*1* D();*)7 :$)(;(.

n ≥ n0 ⇒ Fn ⊂ (a1, b1)

A*&()7 :$ %1/ Fn ()(,*?*.*.< A .*. #%) 3?/1% %,/< ;2,('*1*',(< 12.,$ #%) (,-

3)-414',/ 3)-4,/#%,%'2) 2,+(1* ;/+/&-%)7 :$ #%) A/,%>&%;%)7 8',/'1/ A .*.

[a, b] '% 3)-/. 12.,$ #%) (,- 3)-414 2,+(;*?* D()1('*+*+*0 '(.,*>-*)< '(.%

[a, b] ⊂
⋃

{(ak, bk) : 1 ≤ k ≤ m}

2,(6(& #%A%+;/ A .*. 12.,$ #%) {(ak, bk) : 1 ≤ k ≤ m} (,- 3)-414 D();*)7 8-/

'(.;(.< H/) #%) (ak, bk) ()(,*?* U 3)-414./ (%- /.(0 #%) Uk &4+/1% -()(B*.;(.

&(=1(.(6(&-*)7 8',/'1/

[a, b] ⊂
⋃

{Uk : 1 ≤ k ≤ m}

2,$)7 :3',/6/ U (A*& 3)-414.;/. 12.,$ #%) {Uk : 1 ≤ k ≤ m} (,- 3)-414

1/A%,+%> 2,$)7 I)-*& [a, b] .%. -*&*0 2,;$?$ -(.*+;(. A*&() E#&07 %&!'$   F7

!"#$"% &'(&)()(  !"# $%#&'(% )*&% )%&+%" ,!-."!& /0$%,' #!$ 1'& 23!-4.&5

 !"#$% ()!*+ "!7""7" $'()*.6(< 9/)A/, /&1/.%. 1*.*),* D/ &(=(,* H/) (,-5

&4+/1%.%. -*&*0 2,;$?$.$ 931-/)+/& '/-/6/&-%)7 J/)A/, /&1/.%. 1*.*),* D/ &(5

=(,* &(=(,* #%) &4+/1% K 2,1$.7 K*.*),* 2,;$?$ %A%. K '* &(=1('(. #%) [a, b]
()(,*?* D();*) E#&07 ()!*+ "!7L7"F7 6%'7%89:&%" ;%:&%$' $'()*.6(< [a, b] -*&*05
;*) D/ -*&*0 #%) &4+/.%. &(=(,* (,- &4+/,/)% ;/ -*&*0 2,;$?$.;(. K &4+/1%

-*&*0;*)7

;!$"./ /!<&!$. -2=2,2M%& ;/?%,< +/-)%& #%) 30/,,%&-%)7 :$.$ 931-/)+/& %A%.<

('.* +/-)/, -2=2,2M%'% 4)/-/. B()&,* %&% +/-)%& $0(';(. #%)%1%.%. -(+ 2,+(1*.(

&()>*. 3-/&%.%. -(+ 2,+('(#%,/6/?%./ #%) 3)./& D/)+/& '/-/6/&-%) N



 !  !"#$ %&' $()*+, -./0"/*

 !"#$ %&'%('%' ν"  !"#$ #!$%! &' &()*+,()() +'&-./ 0,+(/ 12'-' (R, ν)
32(4* &(+ 5'6.,5.-$

(n) 506(, 7(4*,(- 5.2.7.).) (R, ν) .8.)5' 9.-  !"#$% 5.2.7. 0,5363)3 9.,.:

40-32 ;9/2$<-)'/ #!$!=$ >6'- 93 32(4 &(+ 0,7(45* (n) 5.2.7.).) Tν +'&-',

&0?0,0@.7.)' AB-' 9.- ,.+.&. 0,(C(/&*$ D47( ν .,' s 5')/E 4(). Tν = Ts .5. ;9/2$

 !"#$ #!$%$#=$ F3 53-3+5( (n) 5.2.7.).) 7(,& &0?0,0@.4' AB-' 5' (4)* ,.+.&'

4(/*)7(+(7* A'-'/'C'/&." /. 93 5( (n) 5.2.7.).) 7(,& +'&-.6' AB-'  !"#$% 0,:

+(7*)* A'-'/&.-'C'/&.E 81)/1 +'&-', &0?0,0@.5' 4(/*)7(/ G'- 5.2. 0 +'&-.6'

AB-' 9.-  !"#$% 5.2.7.5.-$ D47( (n) 506(, 7(4*,(- 5.2.7.).) (R, s) 32(4*)5( 9.-

H(3CG4 5.2.7. 0,+(5*6*)* 9.,.40-32$ F3 8',.I/. 0,+(4(C(6*)( AB-'E J(-7(4*+*:

+*2 4(),*I&*-E 4(). (R, ν) &(+ 5'6.,5.-$

<&' 4()5() (R, s) 32(4*)*) &(+ 0,5363)3 9.,.40-32 ;9/2$ %#&!#' #!$# $ =$

K'+'/ /." ν .,' s (4)* +'&-', &0?0,0@.4. 1-'&&./,'-. G(,5' A'-8', 7(4*,(- /1+'7.

9.-.7.)' AB-' &(+5*-" (+( B&'/.)' AB-' 5'6.,5.-$

 !"#$ %&'%('(' L'-8', '/7').) G'- G()A. 9.- (8*/ (-(,*6*" 7(,& &0?0,0@.4'

AB-'" R 4' &0?0,0@./ 'I4(?*,*5*-$

;9/2$  "#!'# M$%$N=$ O+( R ).) &(+ 0,+(7*)( /(-I*)" (8*/ 9.- (-(,*/ &(+

5'6.,5.-$ <-)'6.)" (0, 1) (8*/ (-(,*6*)5(/. ( 1
n
) 5.2.7. 9.- H(3CG4 5.2.7.5.-$ O):

C(/ 93 5.2.).) (0, 1) .8.)5' 9.- ,.+.&. 40/&3-$

 !" #" $%&'()*()%

#$ H()&0- O-(/'7.I+' <2',.6.P)5' ;9/2$ %#&!#' #!$M$#=" (Fn) /1+','-.).)

/(?(,*,*/ /0I3,3)3) /(,5*-*,(+(4(C(6*)* AB7&'-.).2$

&'( )*+,-./-0

An = (0,
1

n
], n = 1, 2, 3, . . .

/1+','- 5.2.7.).) (-(/'7.&.).) 90I 0,5363)3 AB-1)12$

 $ Q--(740)', 7(4*,(-*) A'-8', 7(4*,(- /1+'7. .8.)5' 4063) 0,5363)3 AB7&':

-.).2$

%$ Rn(n > 1) </,.5 32(4*)*) &(+ 0,5363)3 AB7&'-.).2$



 !" #" $%&'% ()*%+%,-./0  !"

 !" # $%&'% ()*%+%,-./0

 !"#$ %&'%('%' (X, ρ) #$% &'(%$) *+,- ./0*1 2' T : X → X 3.1)0$-.1*

2'%$/0$14 56'% 7'% x, y ∈ X $8$1

ρ(T (x), T (y)) ≤ rρ(x, y)

./,9,) #$8$&:' #$% r (0 ≤ r < 1); <'%8'/ 0,-=0= 2,%0,; T 3.1)0$-.1*1, #$%
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./:*6*1* <?0('%&') $8$1; 76869.&:( D=1 0,6/,1:=6=1= <?0('%&'/$-$+4 E'%$/'1

7'% ǫ > 0 0,-=0=1, ),%A=/=); δ = ǫ ./,1 δ 0,-=0=1= 0'8'/$&4

ρ(x, p) < δ ⇒ ρ(f(x), f(p)) ≤ rρ(x, p) ≤ rδ = rǫ < ǫ
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F?0('%$&:' #,0$(/$6$ 0,6/,&,) $8$1 T (x) = Tx -,+,9,6=+4 7'% 7,1<$ #$% x0 ∈
X 1.)(,0= 0'8'/$&4 T n = T ◦ T n−1

./&,) @+'%';

x1 = Tx0

x2 = Tx1 = T 2x0
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4
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4
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#$%$&$'() #$* (xn) ($+$,$ -.*/#$0$*$+1 2'3) #. ($+$'$' #$*  !"#$% &'(')' 40(.5

6.'. 78,9)*)3)6$+1

ρ(xm, xn) ≤ ρ(Tm
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, T n

x0
)

= ρ(Tm
x0
, Tm

0 T
n−m
x0

)

≤ rmρ(x0, T
n−m
x0

)

= rmρ(x0, xn−m))

≤ rm[ρ(x0, x1) + ρ(x1, x2) + . . .+ ρ(xn−m−1, xn−m)]

≤ rmρ(x0, x1)[1 + r + r2 + . . .+ rn−m−1]

≤ rm
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Tp = T ( lim
n→∞

xn) = lim
n→∞

T (xn) = lim
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xn+1 = p
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