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ChapterChapter 66
FrequencyFrequency--Domain Domain CharacterizationCharacterization

of of SignalsSignals andand SystemsSystems
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IntroductionIntroduction

•• InIn manymany biomedicalbiomedical systemssystems frequencyfrequency is is 
usedused insteadinstead of time:of time:
–– CardiacCardiac rhythmrhythm: : BeatsBeats perper minuteminute ratherrather thanthan

RR RR intervalinterval
–– EEG EEG rhythmrhythm: : alphaalpha waveswaves, , frequencyfrequency 10 Hz 10 Hz 

ratherrather thanthan 0.1 0.1 secsec periodperiod
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PCG PCG exampleexample

•• ThereThere is is beatbeat--toto--beatbeat periodicityperiodicity
•• DueDue toto multimulti--compartmentalcompartmental naturenature of of thethe

cardiaccardiac systemsystem
–– HeartHeart soundssounds possesspossess multiplemultiple resonanceresonance

frequenciesfrequencies

•• PCG PCG shouldshould be be describeddescribed bothboth withwith a a rhythmrhythm
((heartheart rate) rate) oror a a singlesingle resonanceresonance frequencyfrequency alsoalso
a a compositecomposite spectrumspectrum of of severalseveral dominant dominant oror
resonanceresonance frequenciesfrequencies
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PCG PCG exampleexample contcont’’dd

•• SeptalSeptal defectdefect oror stenosedstenosed valvevalve --> > 
turbulanceturbulance --> > widewide--bandband noisenoise

•• InIn casecase of of noisenoise--likelike murmursmurmurs, , wewe cannotcannot
identifyidentify rhythmsrhythms oror resonanceresonance frequenciesfrequencies

•• WeWe needneed toto considerconsider distributiondistribution of of thethe
signalsignal’’ss energyenergy oror powerpower overover a a widewide bandband
of of frequenciesfrequencies --> PSD > PSD functionfunction
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GoalGoal

•• InvestigateInvestigate methodsmethods toto estimateestimate thethe PSD PSD 
andand frequencyfrequency--domain domain parameterparameter of of 
biomedicalbiomedical signalssignals andand systemssystems

•• DistinguishDistinguish betweenbetween normal normal andand abnormalabnormal
signalsignal oror systemssystems. . ThisThis has has potentialpotential in in thethe
diagnosisdiagnosis..
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Problem Problem statementstatement

•• InvestigateInvestigate thethe potentialpotential useuse of of FourierFourier
spectrumspectrum andand parametersparameters derivedderived
thereofthereof in in thethe analysisanalysis of of biomedicalbiomedical
signalssignals..
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PCG PCG componentscomponents

•• S1 S1 andand S2 S2 havehave lowlow--frequencyfrequency componentscomponents
–– DueDue toto fluidfluid--filledfilled andand elasticelastic naturenature of of thethe

cardiohemiccardiohemic systemsystem
•• HeartHeart soundsound spectraspectra is is maxmax in in thethe 2020--40 Hz 40 Hz 

rangerange
–– S1 S1 demonstratesdemonstrates peakspeaks andand lowerlower frequencyfrequency thanthan

thosethose of S2of S2
–– S2 has a S2 has a gentlegentle peakingpeaking betweenbetween 6060--220 Hz  220 Hz  
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CaseCase--studystudy I: I: 
TheThe effecteffect of of myocardialmyocardial elasticityelasticity
on on heartheart soundsound spectraspectra
•• FrequencyFrequency contentcontent of S1 of S1 duringduring isoiso--volumetricvolumetric

contractioncontraction periodperiod shouldshould dependdepend on on thethe relativerelative
contributionscontributions of of thethe massmass andand elasticityelasticity of of thethe leftleft
ventricleventricle (LV)(LV)

•• MassMass of LV is of LV is constantconstant, , soso frequencyfrequency contentcontent of of 
S1 S1 shouldshould decreasedecrease in in thethe casecase of of diseasesdiseases thatthat
reducereduce ventricularventricular elasticityelasticity, , suchsuch as MI.as MI.

•• HowHow can can wewe determinedetermine thethe existenceexistence of of 
myocardialmyocardial infarctinfarct (MI) (MI) usingusing PCG?PCG?
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ProposePropose hardware hardware andand software software 
solutionssolutions::
•• Hardware Hardware methodsmethods: : 

1.1. TunableTunable bandpassbandpass filtersfilters (20(20--40, 4040, 40--60, 60, …… ,400,400--420 420 
Hz) Hz) --> > frequencyfrequency distributiondistribution of S1 of S1 andand S2.S2.
–– DetermineDetermine whichwhich filterfilter yieldsyields thethe highesthighest S1 in S1 in voltagevoltage (20(20--

40 Hz)40 Hz)
–– Do Do thethe samesame forfor S2S2
–– On On averageaverage maxmax S1 ~40 Hz S1 ~40 Hz forfor normal, normal, forfor MI MI patientspatients thisthis

is is lowerlower
2.2. UsageUsage of of dynamicdynamic spectrumspectrum analyzeranalyzer toto studystudy thethe

frequencyfrequency contentcontent of S1 of S1 duringduring thethe isovolumetricisovolumetric
contractioncontraction periodperiod
–– SimilarSimilar procedureprocedure
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Software Software methodsmethods::

1.1. SimulateSimulate filterfilter bank (20bank (20--40, 4040, 40--60, 60, ……
400400--420 Hz)420 Hz)

–– ObtainObtain averagedaveraged powerpower spectraspectra on on peoplepeople
–– AverageAverage PSD PSD shouldshould be be --10 10 dBdB beyondbeyond

150 Hz150 Hz
2.2. ApplyApply FFT FFT forfor thethe analysisanalysis of S1 of S1 andand S2S2

–– FFT FFT spectraspectra of 250 of 250 msms windowswindows containingcontaining
S1 S1 areare averagedaveraged overover 15 15 beatsbeats forfor eacheach
subjectsubject

Dr. BDr. Büülent Ylent Yıılmazlmaz BME402: BME402: BiomedicalBiomedical SignalSignal ProcessingProcessing--IIII 1212

CaseCase--studystudy II: II: ValvularValvular problemsproblems

•• CardiovascularCardiovascular defectsdefects andand diseasesdiseases causecause
highhigh--frequencyfrequency noisenoise--likelike murmursmurmurs

•• ZCR can be ZCR can be usedused, but a , but a goodgood resultresult is not is not 
obtainedobtained

•• PSD of S1 PSD of S1 andand S2S2
–– FindFind thethe timingtiming of of highhigh--frequencyfrequency componentscomponents in in thethe

PCG PCG signalsignal
–– On On averageaverage lastlast 1/3 of 1/3 of thethe systolesystole, , murmursmurmurs areare

detecteddetected ((observationsobservations showshow thisthis factfact). ). 
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TheThe FourierFourier SpectrumSpectrum
•• To measure the amplitude and phase of a particular frequency To measure the amplitude and phase of a particular frequency 

component, the transform process multiplies the original functiocomponent, the transform process multiplies the original function (the n (the 
one being analyzed) by a sinusoid with the same frequency (calleone being analyzed) by a sinusoid with the same frequency (called a d a 
basis function). If the original function contains a component wbasis function). If the original function contains a component with the ith the 
same shape (i.e. same frequency), its shape (but not its amplitusame shape (i.e. same frequency), its shape (but not its amplitude) is de) is 
effectively squared.effectively squared.

•• To make that happen actually requires two sinusoidal basis functTo make that happen actually requires two sinusoidal basis functions, ions, 
cosine and sine, which are combined into a basis function that icosine and sine, which are combined into a basis function that is s 
complexcomplex--valued (Complex exponential). The vector analogy refers to the valued (Complex exponential). The vector analogy refers to the 
polar coordinate representation.polar coordinate representation.

•• The complex numbers produced by the product of the original funcThe complex numbers produced by the product of the original function tion 
and the basis function are subsequently summed into a single resand the basis function are subsequently summed into a single result.ult.

•• The contributions from the component that matches the basis funcThe contributions from the component that matches the basis function tion 
all have the same sign (or vector direction). The other componenall have the same sign (or vector direction). The other components ts 
contribute values that alternate in sign (or vectors that rotatecontribute values that alternate in sign (or vectors that rotate in direction) in direction) 
and tend to cancel out of the summation. The final value is therand tend to cancel out of the summation. The final value is therefore efore 
dominated by the component that matches the basis function. The dominated by the component that matches the basis function. The 
stronger it is, the larger is the measurement. Repeating this stronger it is, the larger is the measurement. Repeating this 
measurement for all the basis functions produces the frequencymeasurement for all the basis functions produces the frequency--domain domain 
representation.representation.
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TheThe FourierFourier SpectrumSpectrum
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PSD PSD estimationestimation

•• WeWe knowknow thatthat FourierFourier TransformTransform of ACF is PSDof ACF is PSD
•• x[n], n=0,1,2, x[n], n=0,1,2, ……, N, N--1 (1 (finitefinite durationduration signalsignal))
•• TrueTrue ACF: ACF: ФФxxxx(m)=E( x[n] x[n+m] )(m)=E( x[n] x[n+m] )
•• DefinitionDefinition of ACF as a of ACF as a statisticalstatistical expectationexpectation oror an an integralintegral overover a a 

durationduration tendingtending toto infinityinfinity

–– ΦΦxxxx (t(t11,t,t11++ττ)=)=limlim (1/M)  (1/M)  ΣΣ xxkk(t(t11) ) xxkk(t(t11++ττ)       ()       (forfor M M goesgoes toto infinf))

–– ΦΦxxxx ((ττ,k)=,k)=limlim (1/T) (1/T) ∫∫ xxkk(t) (t) xxkk(t+(t+ττ) ) dtdt ((forfor T T goesgoes toto infinf))

•• ФФxxxx(0)= x[n] x[n] = x[n](0)= x[n] x[n] = x[n]22 , , fromfrom n=0 n=0 toto NN--11
•• ФФxxxx(1)= x[n] x[n+1], (1)= x[n] x[n+1], fromfrom n=0 n=0 toto NN--2 2 thatthat is Nis N--|m| |m| multiplicationsmultiplications andand

summationssummations

T/2

-T/2

k=1

M
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PSD PSD estimationestimation

•• OneOne typetype of of averagingaveraging
•• ΦΦ11(m) = (1/ N(m) = (1/ N--|m|) |m|) ΣΣ x[n] x[n+m] is a x[n] x[n+m] is a goodgood

estimateestimate forfor ΦΦxxxx(m)(m)
•• ForFor m m closeclose toto N, N, estimateestimate is is uselessuseless
•• ΦΦ22(m) = (1/N) (m) = (1/N) ΣΣ x[n] x[n+m], x[n] x[n+m], forfor allall delaysdelays

samesame scalingscaling factorfactor is is usedused
•• ΦΦ22(m) = (N(m) = (N--|m| / N) |m| / N) ΦΦ11(m)(m)

n=0

N-|m|-1

n=0

N-|m|-1
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PSD PSD estimationestimation

•• ACF ACF --> PSD> PSD
•• SS22(w) = (w) = ΣΣ ΦΦ22(m) e(m) e((--jwmjwm)) , , delaydelay upup toto NN--1 is 1 is 

availableavailable
•• SS22(w) = (1/N) |X(w)|(w) = (1/N) |X(w)|2 2 --> PSD > PSD estimateestimate of of 

finitefinite lengthlength x[n] is x[n] is calledcalled ““periodogramperiodogram””

FT

m=-(N-1)

N-1
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TheThe needneed forfor averagingaveraging

•• ToTo reducereduce thethe variancevariance of an of an estimateestimate it is it is 
necessary necessary toto averageaverage overover a a numbernumber of of 
statisticallystatistically independentindependent samplessamples ((similarsimilar
toto synchronizedsynchronized averagingaveraging) ) toto obtainobtain a a 
betterbetter estimateestimate of PSDof PSD



10

Dr. BDr. Büülent Ylent Yıılmazlmaz BME402: BME402: BiomedicalBiomedical SignalSignal ProcessingProcessing--IIII 1919

Problem:Problem:

•• ProposePropose a a methodmethod toto obtainobtain an an averagedaveraged
PSD PSD estimatesestimates of of thethe ““systolicsystolic”” andand
““diastolicdiastolic”” heartheart soundssounds..
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SolutionSolution::
•• AcquisitionAcquisition of of heartheart soundssounds overover thethe multiplemultiple

cardiaccardiac cyclescycles
–– DirectDirect averagingaveraging of PCG of PCG signalssignals couldcould leadlead toto

undesiredundesired cancellationcancellation of of noisenoise--likelike murmursmurmurs oror
asynchronousasynchronous frequencyfrequency componentscomponents andand theirtheir
disappearancedisappearance fromfrom thethe resultresult.    .    

•• SegmentationSegmentation of S1 of S1 andand S2 (S2 (simultaneoussimultaneous
recodingrecoding withwith ECG ECG andand CP)CP)

•• ComputeCompute thethe PSD PSD estimatesestimates of of eacheach S1 S1 
segmentsegment andand S2 S2 segmentsegment separatelyseparately

•• AverageAverage thethe PSD PSD estimatesestimates forfor S1 S1 andand S2S2
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Problem:Problem:

•• HowHow can can wewe obtainobtain an an averagedaveraged
periodogramperiodogram whenwhen wewe areare givengiven onlyonly oneone
signalsignal recordrecord of of finitefinite durationduration??
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SolutionSolution::

•• DivideDivide x[n] (n=0,1,x[n] (n=0,1,……,N,N--1) 1) intointo K K segmentssegments of of 
M M samplessamples eacheach
–– xxii[n] = x[n + (i[n] = x[n + (i--1) M], 01) M], 0≤≤ n n ≤≤ MM--1, 11, 1≤≤ i i ≤≤ KK

•• ComputeCompute thethe periodogramperiodogram of of eacheach segmentsegment
–– ComputeCompute FFT of FFT of eacheach xxii[n], [n], taketake thethe squaresquare, , 

dividedivide byby MM

•• Final step: Final step: AddAdd periodogramsperiodograms of K of K segmentssegments
andand dividedivide byby KK
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ACF ACF estimationestimation

•• GoodGood ACF ACF estimatesestimates ateate requiredrequired in in 
applicationsapplications suchsuch as optimal as optimal WienerWiener filterfilter

•• DetermineDetermine PSD PSD estimateestimate usingusing methodsmethods
describeddescribed in in previousprevious slidesslides

•• TakeTake inverseinverse FFT of FFT of thethe PSD PSD estimateestimate
•• UseUse thethe resultresult as an as an estimateestimate of of thethe ACFACF


